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Preface

These lectures were delivered at Saarland University in 2009. They focus
on the analysis of stochastic models in systems biology. Knowledge of basic
mathematical concepts is a prerequisites for understanding these lecture
notes. The necessary background in systems biology and probability theory
is part of these notes.

We use hyperlinks to Wikipedial pages to encourage students to explore
further the context of this course. However, we would like to point out that
Wikipedia entries are mostly written by laymen and should not be used as
a primary information source.


http://www.wikipedia.org
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Chapter 1

Deterministic vs. Stochastic
Chemical Kinetics

1.1 Introduction

Mathematical models are an indispensable part of the [systems biology] re-
search cycle. They are used to complement experimental studies that are
carried out lin_vivol or fin_vitro in order to refine, falsify and verify hypothe-
ses related to biological phenomena. The fin_silicio simulation of a biological
system based on a mathematical model is fast and does not require expen-
sive laboratory work. Moreover, it can reveal details about the functional
relationships between proteins and other molecules in the cell.

The traditional modeling approach for dynamic systems of cellular processes
is based on deterministic models, where the future of the system can be pre-
dicted with certainty. They describe the interactions between populations
of molecules of different types. Instead of modeling each single molecule in
detail (position in space, functional structure, etc.), this modeling approach
operates at a macroscopic scale. The state of the system is given by the con-
centrations of the chemical species and a continuous deterministic change of
these concentrations is assumed.

Here we focus on stochastic models.

: state
They are based on the assumption that
the state of the system changes at R R
discrete points in tlme (see Fig. [E[])
These changes are triggered by chemi- —
cal reactions that occur randomly. The —
stochastic approach has gained more ' > time

and more attention recently since in
many biological systems the random-
ness of microscopic events have a signif-
icant influence. In a stochastic model,

Figure 1.1: State changes occur at
discrete points in time.
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various possibilities exist for the future behavior of the system, where each
possibility has a certain probability. In this chapter, we motivate and dis-
cuss the definition of discrete-state stochastic models for dynamic cellular
processes and compare them to deterministic models.

1.2 Reaction Rate Equations

Reaction rate equations| are a deterministic modeling approach that is the
most widely used approach for cellular dynamics. They are based on the
idea that the concentrations of the chemical substances can be approximated
by a process that changes continuously and deterministically in time.

1.2.1 Specification of Reaction Networks

Consider the stoichiometric equation

A+ B — C.
~—— —~—
reactant species product species

The uppercase letters denote different types of molecules (also called chem-
ical species). We refer to the chemical species on the left hand side of the
arrow as reactant species and to those on the right hand side as product
species. A stoichiometric equation describes a chemical reaction and since
several instances of the same reaction may occur, it is also referred to as
a reaction channel. Stoichiometric equations specify which reactant species
are required for the reaction to occur and which are the products of the re-
action. In the above example, a molecule of type A and a molecule of type B
form a molecule of type C. Note that reactions may require/produce more
than one molecule of a certain type. In this case a stoichiometric coefficient
is explicitly added, e.g. consider the reaction channel

2A — D,

which describes a dimerization.

In the sequel, we consider only lelementary reactions| which correspond to a
single mechanistic step. In general, reactions may have intermediate prod-
ucts and/or parallel reaction pathways. They can, however, always be de-
composed into elementary reactions. We assume that the number of reactant
and product species is at most two, since it is highly unlikely that more than
two molecules collide at the same time.

Mathematical models of natural systems are usually idealized descriptions
of the real system since

e the real system is extremely complex and a detailed description would
make the model intractable,
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e many details have no significant influence on the phenomenon the mod-
eler wants to study with the mathematical model.

The following assumptions for mathematical models of coupled chemical
reactions simplify the construction and analysis of the model considerably
and have proven to be appropriate for most systems.

We consider a

e constant reaction volume
e with fixed temperature and pressure
e that is spatially homogeneous (i.e. a well-stirred mixture).

In this section, A(t) denotes the molar concentration of type A molecules
at time instant ¢ > 0, that is, the number of moles of A per liter, where
one mole contains N4 molecules. The number N4 ~ 6 - 103 is called the
Avogadro constant|. Clearly, the total number #A(t) of molecules of type A
at time ? is

#A(t) = A(t) - Na -V,

where V' is the volume (in liters).

1.2.2 Law of Mass Action

Reaction rate equations are
based on the law of mass
action, which reasons about
the change of the chemical
concentrations.  According
to the law of mass action, for
a small time step of length
A > 0, the change

C(t+D) | :
et/

Clt+A)—Ct) L

of the concentration of a
product C' of a reaction is

proportional to the product of the reactant concentrations and A.
For instance, in the case of A + B — C' we have
Cit+A)—C(t)=k-A(t)- B(t) - A.

for small A. This approximation becomes exact as A approaches 0.


http://en.wikipedia.org/wiki/Avogadro_constant
http://en.wikipedia.org/wiki/Law_of_mass_action
http://en.wikipedia.org/wiki/Law_of_mass_action

1.2. REACTION RATE EQUATIONS

Concentration

Time

Figure 1.3: ODE solution of the enzyme reaction.

A+B - C

—AQ®
If we know the concentration of 0
C at time ¢t we can approximate
C(t+A)by C(t)+ k- A(t)- B(t) -
A. The factor k > 0 is called
reaction rate constant | or affinity
constant. Letting A — 0, we ob-

tain t

Concetration

lim W = Figure 1.2: Solution of the system of

i—>0 (1.1)  gifferential equations for A+ B — C.
GC(t) =k-A(t) - B(1).

The remaining species A and B are used up by the reaction A+ B — C and
thus
dAt—dBt—k:At Bt 1.2
SA() = 5B = k- A1) B(b) (12)
The system of differential equations given by ([L1]) and (L2 is called reaction
rate equations. Note that we have to specify initial concentration (that is,
values for A(0), B(0),C(0)) in order to obtain solutions A(t), B(t),C(t) for
all ¢ > 0.
Example 1: [ENZYME _KINETICS
We consider a network of three biochemical reactions given by

k
E+Sk;l\c’“—3>E+P. (1.3)
2

It describes the formation of a complex (C') from an enzyme (E) and a sub-
strate (S). The complex molecule can either dissociate to yield E and S

4


http://en.wikipedia.org/wiki/Reaction_rate_constant
http://en.wikipedia.org/wiki/Enzyme_Kinetics

1.2. REACTION RATE EQUATIONS

again or to yield E and a product P. The corresponding differential equa-
tions for the concentrations are

dB{t) = —ki-E(t)-S(t) + (ka+ks)-C(t)
48(t) = —ki-E(t)-S(t) + ko-C(t)
40(t) = k-E(t)-St) — (ka+ks) Ct)
ipt) = ks C(t).

Note that since this system is closed (molecules can neither “dissapear” nor
“appear from nothing”), we have the following conservation laws. Assume
E(0) = ey, S(0) = sg, and C(0) = P(0) = 0. Then for all o

E(t)+ C(t) = e
St)+C(t)+P(t) = so
This can be easily seen by checking
LE(t)+ 2LC(t) =0
Lst)y+Lo)+4LPt) = o.
Fig. L3 shows the solution of the above system of differential equations.
Initially the concentrations of P and C are zero. Then P(t) increases until
all molecules of type S are transformed into P molecules. Thus, S(t) de-
creases in time. The concentration of complexr molecules raises quickly at

the beginning but decreases afterwards since the number of substrates becomes
erhausted.

In general, the reaction rate equations yield a system of non-linear ordinary
differential equations (ODEs). A general form for a system of (coupled)
ODEs is

Sy(t) = 1(9(0),

where t € R, y : R — R®, f : R**! — R”. In the case of reaction rate
equations, n is the number of chemical species, y(t) is a vector of concen-
trations and f(¢,y(t)) is a vector whose entries specify the change of the
concentrations.

Solving Ordinary Differential Equations We give a short introduc-
tion on the solution of ordinary differential equations. For a more detailed

discussion we refer to [HNWOS, [HW04].

We consider the following gerenal form of a system of ODEs
d
—y(t) = f(t,y(t)), (1.4)
dt
"'We assume C(0) = P(0) = 0 for simplicity. The case C'(0) = P(0) > 0 yields similar
but slightly more complex conservation laws, which we leave as an exercise.

5
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where t €R, 3 : R — R", and f : R"*! — R". Eq. () specifies the slope
of the unknown function y(t) but not the actual values. In general, there is
an infinite family of solutions if f is “sufficiently smooth” (more precisely,
f is [Lipschitz continuous in y and continuous in t). If a system of ODEs is
derived from reaction rate equations, the smoothness condition always holds
for bounded time intervals. Informally, this comes from the simple product
form of the law of mass action. If a single value y(tg) = yo is specified at
some point ¢y, there is a unique function y(¢) with y(tg) = yo that satisfies
Eq. ([Td)). It is called the solution to the finitial value problem! defined by
Eq. (&) and the point y(ty) = yo.

In simple cases, it is possible to derive an analytical expression for .
Example 2: EXPONENTIAL FUNCTION

Let A € R. The one-dimensional ODE

—y(t) =X -y(t 1.5
Lyt =2-y(0) (15)
has solutions y(t) = c- e for c € R (compare Fig.[T4). If we fiz y(0) = yo
then y(t) = yo - eM.

Informally, an ODE is called unstable if the members of the solution family
move away from each other with time (see Fig. [[4] top) and stable if they
move closer. If neither of these two cases are true, the ODE is called neutrally
stable. An example for a neutrally stable ODE is %y(t) = a for a € R, which
has the solution y(t) =a -t + c.

Note that stable or unstable behavior can occur in different parts of the
domain for the same equation. In general, for t € R, the Llacobian matrix

_dfit,y(1))
{J}; = Ty ()

provides information about the stability of the ODE. If there is any eigenvalue
with positive real part, the ODE is unstable at t. If all eigenvalues have neg-
ative real part, the ODE is stable at t. For instance, the Jacobian matrix of
the ODE in Eq. ([C3)) is J = A (and thus the only eigenvalue is \).
Let us now consider the approximation of the ODE solution at discrete
points. The idea is to start with the initial condition y(tg) = ¢ and predict
y(0+ A) for a small increment A.
As a prototype approach we discuss the [Kuler method. Most other approx-
imation methods for ODEs are based on similar ideas. From

fim W ZVO 4y gy

A—0 dt

it follows that, for small A > 0,
y(t+A) = y(t) + f(ty(0) - A

6
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Solution Curve for x’=lambda x; lambda=0.5
8 T T

Solution Curve for x’=lambda x; lambda=-0.5
8 T T

Figure 1.4: Solution curves for £y(t) = 0.5-y(t) (top) and Ly(t) = —0.5-y(t)
(bottom).

For initial value ¢ this leads to the iteration

to=0, tyy1=1t,+Aforn>1,
Yo =2¢C, Yn+1 :yn‘i'A'f(tmyn)'

The values y,, converge to the true solution y(t,) if A — 0. In practice,
the Euler method yields poor results compared to other methods, such as
Runge-Kutta methods. The reason is that in order to bound the approxi-
mation error, for many systems the stepsize has to chosen very small. Espe-
cially, small errors are magnified with time if the equation is unstable, since
the n-th approximation lies on a different member of the solution family.
Errors are, however, diminished with time if the equation is stable and the
step size is “small enough”.

In general, the quality of the approximation depends on the particular ODE,
the chosen numerical method, and the stepsize A.
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1.2.3 Michaelis-Menten Approximation

Solving large reaction rate equations can be computationally difficult. In this
case it is useful to find a smaller ODE which has approximately the same
solution as the large system of reaction rate equations. Michaelis-Menten
approximation techniques can be used when some of the reactions are much
faster than others. We then find that the fast reactions stabilize very quickly
compared to the slow reactions. Using this information we can approximate
the ODE system by assuming that the fast reactions are always in their
stable state.

Example 3: MICHAELIS-MENTEN APPROXIMATION

Consider the enzyme reaction in ([L3)). Now assume that the creation of the
complex C' and the degradation of the complex into enzyme E and substrate
S occurs much faster than the degradation of the complex into enzyme and
product. Because of this we may assume that the concentration of C' is
always stable, i.e., %C(t) = 0. From the conservation laws we also have
E(t)+ C(t) = eg. We now rewrite the ODE for the complex to express C(t)
in terms of S(t):

0 =£C(t) =k -E)-S(t)— (ka+ks) Ct)

= ki (eo — C(t) - S(t) — (k2 + k3) - C(1)
=ky-eo-S(t) — (k1 - S(t) + ko + k3) - C(t)

_ k1-S(t)
— Ct) =eo- kléS’((t%)—i-kg—l-kg
C(t) = €0 - m
Here k,, = kale?’ 1s called the Michaelis constant. It is important to re-

alize that we do not assume that C(t) is constant even though we assume
that %C(t) = 0. Rather we assume that the concentration of C' changes so
fast in comparison to the slow production of P that, when the concentra-
tion of S changes, the concentration of C immediately moves to its stable
concentration.

Now that we have expressed C(t) in terms of S(t) we can also express % P(t)
in terms of S(t):

%P(t) — g C(1)
d_ S()
al W) =ks-eor oo

The constant k,, is a measure of how much slower the production of P
(reaction rate constant k3 ) is compared to the other two reactions (constants
k1 and ky). We compare this constant with the substrate concentration S
and consider three cases.

o If S(t) > ku, then there is a large amount of substrate. This means

St)

that most enzymes will be part of a complex molecule. We find SO

8
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1 and thus %P(t) ~ k3 - ey. In other words, protein production is ap-
proximately constant.

o IfS(t) < ky, then there is a small amount of substrate, but the first two

reactions are much faster than the protein production reaction.( )Most
S(t

enzymes will then be free (not part of a complezx). We find EOE
%? and thus %P(t) R~ ]f—i-eo-S(t). In other words, protein production

can be seen as a reaction S — P with rate constant 5—3 - €q.
m

o If S(t) = ky,, we find S(S% ~ L and %P(t) ~ 1 ks-eo. Again, we

find that protein production is approximately constant.

1.3 Stochastic Phenomena in the Cell

“BIOLOGISTS TEND TO THINK DETERMINISTICALLY. A CASE IN POINT IS
THEIR PROLONGED SEARCH FOR THE “FOUNDER CELLS” OF THE SLIME MOULD
DICTYOSTELIUM. THESE AMOEBAE EMIT PULSATILE CAMP SIGNALS UNDER
STARVATION CONDITIONS, MOBILIZING NEIGHBORING CELLS TO SURROUND
THEM AND FORM A MOTILE MULTICELLULAR SLUG THAT WANDERS OFF TO
FORM SPORES. DESPITE THEIR EFFORTS, BIOLOGISTS NEVER COULD FIND
THE FOUNDER CELLS. THE REASON IS THAT ALL DICTYOSTELIUM AMOE-
BAE HAVE THE CAPACITY TO PRODUCE CAMP SIGNALS, AND BECOMING A
FOUNDER CELL IS A MATTER OF CHANCE-IT’S A STOCHASTIC PROCESS (1).”
(In [“Small Numbers of Big Molecules”] )

In this section, we motivate stochastic modelling approaches for dynamical
systems in the area of systems biology. We present one of the most prominent
examples, the phage lambdal decision circuit, where a deterministic model
(such as the reaction rate equations introduced in the previous section) is
inappropriate and a stochastic model is required [ARMO9S].

1.3.1 Lambda Phage Decision Circuit

Lambda phage is a virus that infects the bacterium [E. Coli. It consists of
a head containing the virus IDNA! and a tail, which is used to attach to
the surface of E. Coli. Such viruses are called bacteriophages| and have no
own metabolisml, but use that of their host instead. On infection, the virus
particle binds to the membrane of the bacterium and injects its DNA. Af-
terwards the host’s metabolism is changed by the |gene expression! products
of the virus. The infected cell may then enter the [lytic cycle, which means
that new phages are synthesized in the cell, which finally bursts (lysis) to
release the new phages. It may also be that the host cell does not enter the
lytic cycle, but integrates the virus genome into its own genome. In this case

9


http://www.sciencemag.org/cgi/content/summary/297/5584/1129
http://en.wikipedia.org/wiki/Lambda_phage
http://en.wikipedia.org/wiki/Lambda_phage
http://en.wikipedia.org/wiki/E._Coli
http://en.wikipedia.org/wiki/Dna
http://en.wikipedia.org/wiki/Bacteriophage
http://en.wikipedia.org/wiki/Metabolism
http://en.wikipedia.org/wiki/Gene_expression
http://en.wikipedia.org/wiki/Lytic_cycle
http://en.wikipedia.org/wiki/Lysis

1.3. STOCHASTIC PHENOMENA IN THE CELL

lysogeny lysis
cIII n cl cro clI
Tr1 Py Prv Pr Tr1 Pre

Figure 1.5: Arrangement of parts of the virus genome.

the cell enters the lysogenic cyclel. Through cell division, the virus DNA is
replicated and in this way the DNA of the daugther cells also contains the
integrated virus DNA. Any cell in the lysogenic cycle may, under certain
conditions, eventually enter the lytic cycle.

The decision between lysis and lysogeny after infection depends on the tem-
poral pattern of two proteins, CI and Croﬁ. Their promoters Pry; and Pr
are arranged in the phage lambda genome as illustrated in Fig. On
infection, only the promotors Pr and Pr are active. All others have a low
basal activation. This leads to an accumulation of N and Cro proteins (see
termination points for RNA Polymerase in Fig. that are marked in red
color). The protein N is used to anfiferminatel RNA Polymerase upstream
from the termination points Ty; and Tg;. Then [transcription of the genes
cII, cIII, etc is activated.

Lysis. It is most likely that the cell enters the lytic cycle if the following
steps occur next:

e The concentration of Cro raises quickly and a negative feedbackloop
is entered, that is, Cro dimers repress Pr and the concentration of
Cro becomes stable (see also the detailed model of the lysis-lysogeny
decision_circuitl).

e Cro dimers also repress Prys and Py, which leads to a low concentration
of CII.

e Prp is not activated.

e The transcription of the virus DNA is mostly performed in the right-
ward direction.

2We use names starting with upper case letters to denote proteins and we use the same
names for the corresponding genes, but start with lower case letters.
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Lysogeny. It is most likely that the cell enters the lysogenic cycle if the
following steps occur next after protein N has antiterminated Ty, and Tgy:

e The concentration of Cro raises slower than that of CI (roughly #CI
dimers >145 and #Cro dimers <55).

e The number of CI dimers stabilizes at 140-200 molecules and the
dimers repress Pr and Py, but activate Prj;.

e The number of Cro and N molecules decreases, which makes leftward
transcription more likely.

The concentration of CI can raise quickly at the beginning since Prg is
activated by CII molecules (even though their concentration may be low).
Later, CI molecules are produced via the positive autoregulation at Pgay,
that is, Pras is activated by CI dimers.

The decision between lysis and lysogeny is biased by the following factors:

(i) the nutritional state of the host cell,

(ii) the multiplicity of infection (number of phages that are simultaneously
infecting the same cell),

(iii) the cell volume.

At a high level of nutrition the overall proteolytic activity] is high, which
results in a shorter lifetime of CIT and CIII. This decreases the probability
of Prg activation and thus the probability of lysogeny. A high multiplicity
of infection increases the number of genes of CII and CIII. Then Pgrp is
activated at an early stage to kickstart the production of CI, which results
in a higher probability of lysogeny. For (iii), it has been observed that
smaller cells go more likely into lysogeny. Although the exact mechanisms
are unkown, the conjecture is that since in small cells the concentrations of
CII and CIIT is higher than in large cells, Prg activation is more likely in
small cells.

1.3.2 Intrinsic and Extrinsic Molecular Noise

In the previous section we have seen that biological processes are signif-
icantly influenced by combinations of random microscopic events in the
cell. It remains the question what the origin of this “cellular noise” is.
In order to distinguish different sources of noise, the following experiment
has been carried out: In [ELSS02], [Elowifz et al. report about strains of
k. _colil with two genes that are expressed under the same conditions. Using
Huorescent_ markers in two different color (yellow and cyan) they could de-
termine the|gene expression strength of each gene. As a result they obtained
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cells with different combinations of yellow and cyan. In some cells, only one
of the two genes was expressed whereas in other both genes were expressed.
The work of Elowitz et al. is an experimental proof for so-called lintrinsic
noise, which arises from random microscopic events in the cell, such as the
location of molecules or the order of the chemical reactions. As opposed to
that extrinsic noise arises from the variability in a population of genetically
identical cells, that is, from the different amounts of cellular components.

Modeling systems that are subject to molecular noise is challenging since the
traditional reaction rate equation approach is inappropriate. Instead of a
deterministic model that predicts a single outcome (with certainty), stochas-
tic models are required. But besides the fact that a stochastic model can
predict probabilities for the different outcomes of an experiment, its must
take into account the discreteness of the events in the cell. More precisely,
instead of assuming continuous changes for the concentrations of chemical
species, the model has to consider discrete “jumps” (compare Figure [[]).

1.4 Basic Concepts of Probability

“WAS EIN PUNKT, EIN RECHTER WINKEL, EIN KREIS IST, WEISS ICH SCHON

VOR DER ERSTEN GEOMETRIESTUNDE, ICH KANN ES NUR NOCH NICHT PRAZISIEREN.
EBENSO WEISS ICH SCHON, WAS WAHRSCHEINLICHKEIT IST, EHE ICH ES
DEFINIERT HABE. “ (Hans Freudenthal)

This section gives a short primer on discrete and continuous random vari-
ables.

1.4.1 Probabilities

Let us consider chance experiments with a icountablel number of possible
outcomes wi,ws,.... The set Q@ = {wy,ws,...} of all outcomes is called the
sample space. Subsets of ) are called events and by 2 we denote the set
of all events.

Example 4: ROLLING A DIE AND TOSSING A COIN

If we roll a die, the set of possible outcomes is Q@ = {1,2,...,6}. The event
“number is even” is given by E = {2,4,6}.

If we toss a coin and count the number of trials until a head turns up for
the first time, Q = {1,2,...}. The event “number of trials greater than 10”
is given by E = {11,12,...}.

We define what a probability is using Kolmogorov’s axioms.

Definition 1: PROBABILITY

Assume Q) is a discrete (i.e. finite or countably infinite) and non-empty
sample space. Let P be a function such that P : 22 — [0,1]. The value
P(A) is called the probability of event A if P is such that
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1. P(2) =1,
2. forlpairwise disjoint events Ay, Ao, ... it holds that
P(A1UA2U...) :P(A1)+P(A2)+

When we reason about the probability of
certain events, we can use many arguments Q
from set theory. For instance, if the events
A, B, and C are as illustrated in Fig. [CQ it
holds that <>
P(AuB)=P(A)+ P(B) and
P(AuC)=P(A)+P(C)—-P(ANCQC).
Example 5: ROLLING A DIE

The probability of the events {2,4,6}, {2},
and {1,2,...,6} are

P({2,4,6}) =1/2, Figure 1.6: Using set argu-
P({2}) =1/6, and ments for the calculation of
P({1,2,...,6}) =1, respectively. event probabilities.

TOSSING A COIN UNTIL HEADS FOR THE FIRST TIME

The probability of the events “exactly n trials” and “more than three trails”
are

P({n}) = (1/2)" and

P({4,5,...}) = P(Q2\{1,2,3}) =1—(1/2+1/4+1/8) =1/8.

Note that P(Q) =3 cq P({w}) =1/2+1/4+1/8+... =1

The triple (2,2, P) is called a [discrefel probability spacel.
Definition 2: CONDITIONAL PROBABILITY
Let A, B be events and P(B) > 0. Then

P(AN B)
P(B)

is called probability of A under the condition B|. Clearly, this implies that
P(ANB)= P(A|B) - P(B).

P(A|B) :=

It is easy to show that the value P(A|B) is a probability in the sense of
Definition [

Example 6: LUNG CANCER

We define the events

A: person gets lung cancer with P(A) = % = 0.00036,

B: person is a smoker with P(B) = 0.25.

From the people that get lung cancer, 90% are smokers. The experiment
consists in choosing a person at random. For the probability of getting lung
cancer under the condition of being a smoker, we calculate
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P(A|B) = P57 = 09000036 — 0.001296.

For the probability of getting lung cancer under the condition of not being a
smoker, we get

>, P(ANB .
P(A|B) = 1(3(%)> = 01000036 _ () 00048.

Thus, the chance of getting lung cancer is around 30 times higher for smokers

compared to non-smokers.

Definition 3: INDEPENDENCE
Let 0 < P(B) < 1. The event A is called | independent of B, if

P(A|B) = P(A|B).

Example 7: INDEPENDENT EVENTS
Consider the case A = Q). The event ) is independent of any event B with
0 < P(B) <1 since

P(QNB P(QNB >
PQIB) = Z55Y =1 = ;(E) ) = P(Q|B).

Assume now that Q = {1,2,...,6}, A={5,6}, and B =1{2,4,6}. Then

P(ANB P({6
P(AIB) = "5 = #ipaen =25 = 1/3

and

5 P(ANB P({5
P(AIB) = “55 = piisiy =26 = 13,

which means that A = {5,6} is independent of B = {2,4,6}.

Assume that we have a finite or count-
ably infinite number of events Aj, Ao, ...

Ay Q
that are pairwise disjoint. Assume fur-
ther Q@ = A U Ay U ... and P(4;) > 0 Ay
for all 7. Often, the probability of some B

event B is unknown, but the conditional
probabilities P(B|A;),... are known. In
this case, P(B) can be computed using the
law of total probability, which states that

P(B) =3, P(B|Ai‘)r' Pl Figure 1.7: The law of total
=P(BN4;) probability.

Ay

The corresponding [partitioning of  is illustrated in Fig. L7
If, however, P(A;|B) is the probability of interest, one can use Bayes” theorem),
which states that
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P(BNA; P(B|A;)-P(A; P(B|A))-P(A;
P(AilB) = Zpigy = PR = St
where Ay, As, ... are as above.

Example 8: Noisy CHANNEL
Consider the noisy binary channel illustrated below.

1-p
If the channel is noise-free (p = 0), zero is transmitted from the upper left
node to the upper right node. Similarly, one is transmitted from the lower
left node to the lower right node. If the channel is noisy, with probability
p > 0 one is transmitted instead of zero and zero instead of one. Assume
that the probability of sending zero is wy and the probability of sending one
ism =1—mg.

We define the events

o Agy: send zero with P(Agy) = mo,
o A;: send one with P(Ay) =m =1 — m,
e By: receive zero,

e By: receive one,

Then, P(Bi|Ao) = P(BolAr) = p and P(Bi|A;) = P(Bo|Ag) = 1 — p. We
calculate

P(B1) = P(Bi1]Ao)- P(Ao) + P(B1|A1) - P(A1) =p-mo+ (1 —p) - 1,
P(By) = P(Bo|Ao) - P(Ao) + P(BolA1) - P(A1) = (1 —p)-mo+p- 1.

1.4.2 Discrete Random Variables

A lrandom variablel is used to represent an outcome of an experiment. Tech-
nically, the fact that this variable is “random” (that is, it takes values with
a certain probability), is realized by using a mapping.

Definition 4: DISCRETE RANDOM VARIABLE

Let (2,22, P) be a discrete probability space. A function

X:QO—R

is called a discrete (real-valued) random variable on (£, 2%, P).
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Now, that we mapped the out-
come of an experiment to R, we
need to assign probabilities to
the subsets of X(Q) = {a €
R|3Jwe: X9 = a}
Since we already have probabili-
ties for events A C , we define ) ]
a function Py : 2X© _, [0, 1] Figure 1.8: Relating random variable and

such that, for A € 2X() probability.

Px(A):=P(X 1 (A) = P{w e Q| X(w) € A}).

Then (X (Q2),2X®), Py) is a discrete probability space.

Example 9: ROLLING TWO DICE

Assume Q = {(w1,w2) | wi,wa, € {1,...,6}} and X : Q@ — R is such that
X(wl,wg) = w1 + wa.

Then, the probability of having the number 10 s

Px({10}) = P(X1({10})) = P({(w1,w2) € Q| X (w1 w2) = 10})
— P({(4,6)}) + P{(6.4)}) + P{(5.5)}) = 1/12.

In the sequel, we use the following “shortcuts® to refer to subset of €2:
e “X =q” stands for the set {w € Q| X(w) =a}
e “X < a” stands for the set {w € Q | X(w) < a}
o “X <a” ...

Thus, for instance,

P(X<a)=P{weQ|X(w)<a})= >  PX=0c).

The function f : X(2) — [0,1] with f(a) = P(X = a) is called the
discrete probability distribution of X.
Definition 5: CUMULATIVE PROBABILITY DISTRIBUTION
Let X be a discrete (real-valued) random variable. The function F : R —
[0, 1] with

Fz):=P(X<z)= Y  P(X=a)

aeX(Q),a<z

1s called the \cumulative probability distribution of X.
Example 10: ROLLING TWO DICE

Assume that X is defined as in Example[d The discrete probability distri-
bution and the cumulative probability distribution of X are shown in Fig-

ure [LI1.
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2 3 4 5 6 7 8 9 10 11 12

Figure 1.10: Cumulative probability

Figure 1.9: Discrete probability dis- (rolling two dice).

tribution (rolling two dice).

Besides the probability distribution of a discrete random variable X, other
values related to X are of interest. The expectation and lvariance of X are
defined as

o B(X) =Y ,ex @ P(X =)
o V(X) = Yiexo(e — B(X))*- P(X = x)

respectively. (Note that the sum might not converge, in which case the
expectation/variance does not exist.) The standard deviationl of X is given
by /V(X).

Example 11: EXPECTED VALUE OF SPECIAL RANDOM VARIABLES

Let c € R. Assume X (w) = ¢ for allw € Q. Then E(X) = c.

Let A C Q and define Y = 14 where

1 ifwe A,
Ta(w) = { 0 otherwise.

Then E(Y) =1-P(A) +0- P(A) = P(A).

It is possible to connect random variables on the same sample space {2 using
operations such as +, —, -, etc. For instance, we define Z = X + Y as a
random variable on 2 by

Z(w) = X(w) +Y(w) for all w € Q.

The probability P(Z = z) = P(X +Y = z) is then well-defined since

P(Z=2)=PweQ|Z(w)=2) = > P({w}).
weQ, X (w)+Y (w)=z
Moreover,
Y P(Z=2= > > P({w}) =P(Q) =1.
2€Z(Q) 2€Z(Q) weQ, X (w)+Y (w)=2
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Figure 1.11: Sum of two random variables (rolling two dice).

Example 12: ROLLING TWO DICE
Assume that Q = {1,2,...,6}% and X,Y : Q — R are such that, for
(wl,wg) S Q,

X(wl,wg) = W1, Y(wl,wg) = w2.

Then for Z = X +Y we have
Z(wl,WQ) = X(wl,wg) + Y(wl,WQ) = w1 +wsy

and (see illustration in Fig. [L11)

P(Z =2z) = > P{wn,w)) = > P({(wi,wn)}).
(wy,w)ER, (w1,wo)€ER,
X (w1,wg)+Y (wy,wo)=2 wi1two=z

Definition 6: JOINT PROBABILITY DISTRIBUTION
Let X, Y be discrete (real-valued) random variables on the same probability
space (2,2, P). The function Pxy : X(Q) x Y/(Q) — [0,1] with

Pxy(a,b):= P(X =aAY =0b) = P(X '({a}) N Y1 ({b})).
1s called the joint probability distribution of X and Y .

Definition 7: INDEPENDENCE OF RANDOM VARIABLES
Let X, Y be discrete (real-valued) random variables on the same probability
space (2,28, P). We call X and Y [independent iff for all a € X(2), b €
Y(Q)

P X=a|Y =b)=P(X =a).

(Or equivalently, X andY are independent|iff P(X =aANY =b) = P(X =
a)-P(Y =b).)
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Example 13: ROLLING TWO DICE
Assume that X and Y are defined as in Example IA Then X and Y are
independent, since for any a,b € {1,...,6},

P(X=anY =b) = P(X~'({a}) nY1({b})
{(wi,w2) € Q| wy; =a} N{(wi,wz) € Q| we =b})

P{(
P({(a,b)}) = 1/36

P(X =a)-P(Y =b) = PX"'({a})) - P(Y~'({b}))

= P({(w1,w2) € Qw1 =a})  P({(w1,w2) € Q| wo =b})

= 6/36-6/36 =1/36.

We are now able to state some properties of the expectation. Let X,Y be
discrete random variables on the same probability space and assume that
E(X) and E(Y) exist. Then, for a,b € R

L E(X) = > cq X (w)P({w}),
2. E(a- X +b)=a-E(X)+Db,
3. E(X+Y)=E(X)+ E(Y).

4. If X and Y are independent, then E(X -Y) = E(X) - E(Y).

Proof. (1.)
E(X)= Y x P(X=ux) (definition of (X))
zeX(Q)
= Y z-P{w|X(w)==2}) (definition of P(X = x))
zeX(Q)

= Z x- Z P({w}) (2nd axiom of Def. [)

zeX(Q) WEQNX (w)=x
- Z X(w)P({w}) (X is a function)

wef

O

Proof. (2.) Let Z = a- X + b be a discrete random variable on the same
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probability space as X, such that Z(w) = a - X (w) + b. We now find:

E(a-X +b) = E(Z) (definition of Z)
= wze; Z(w)P({w}) (first property)

= Z;l (aX (w P({w}) (definition of Z)

= :ez X(w)-P{w}) +0>_ P({w}) (calculus)

— ang P({w}) + b;E(;) (2nd axiom of Def. [

— ang PH{w}) + (1st axiom of Def. [I)

— a%i?Q(X) +b (first property)

m

Proof. (3.) Let Z = X +Y be a discrete random variable on the same
probability space as X and Y, such that Z(w) = X(w) + Y(w). We now
find:

E(X +Y) = E(2) (definition of Z)
= % Z(w)P({w}) (first property)
- 2% W) - P({w}) (definition of Z)
- wi X(w)-P{w}) + ) Y(w) - P{w}) (calculus)
= ;JEE(S;() +E(Y) - (first property)
0

Proof. (4.) Let Z = X -Y be a discrete random variable on the same
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probability space as X and Y, such that Z(w) = X (w)-Y (w). We now find:

E(X-Y)

= E(2) (definition of Z)
= > weq Z(w)P({w}) (first property)
= wea X (W) Y(w)P({w}) (definition of Z)

= D eeX(QAyey () T Y 2oweQnX (w)=any (w)=y P ({w})
(X,Y are functions)

=D wex@nyev(@ T Y Pw | X(w) =2z AY(w) =y})
(2nd axiom of Def. [I)

- ZmeX(Q)Aer(Q) r-y-PX=a2AY =y)
(definition of P(...))

=2 sex@ryey (@ Ty P(X =2) - P(Y =y)
(independence of X and Y')

= 2aex@)t PX =12)- 3 eyyy P =y)
(calculus)

=FE(X)-E(Y) (definition of E(X), E(Y))
O

We list the properties of the variance operator without proof: Let X,Y be

discrete random variables on the same probability space and assume that
E(X), E(Y), VAR(X), and VAR(Y) exist. Then

1. VAR(a- X +b) =a?- VAR(X) for a,b € R,
2. VARIX+Y)=VAR(X)+ VAR(Y)+2- (E(X-Y) - E(X) - E(Y)).
3. If X and Y are independent, then VAR(X +Y) = VAR(X)+ VAR(Y).

The definition of independent random variables can be extended to more
than two variables as follows.

Definition 8: INDEPENDENCE (OF n DISCRETE RANDOM VARIABLES)
Forn e N, let X1,...,X, be discrete (real-valued) random variables on the
same probability space (Q,2%, P). We call Xy, ..., X, independent iff for all
a; € Xl(Q), B L~ Xn(Q)

P(X1:al,...,Xn:an):P(Xl:al)-...-P(Xn:an).

Note that if Xy,...,X,, are independent, then
EXy-...-Xp)=E(Xy)-...- E(X,)
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and
VAR(X; + ...+ X,) = VAR(X1) + ... + VAR(X,).

Let us now consider some important distributions.

Example 14: GEOMETRIC DISTRIBUTION

Consider an experiment where the probability of an event A is P(A) = p. We
repeat this experiment until A occurs for the first time. Let X be the random
variable that describes the number of trials until A occurs for the first time.
Then X is called|geometrically distributed. We have P(X =1i) = (1-p)"~1-p
and E(X) = 1/p. The variance of X is V(X) = (1 —p)/p.

Example 15: POISSON DISTRIBUTION

Consider a call center where on average . = 6 calls per minute arrive. Let X
be the random variable that represents the number of calls in the next minute
and assume P(X = k) = “k—l!ce_“. Then X is called [Poisson_distributed and
has expectation

o Iuk 0 Iuk—l
BOX) =D ke =pe ) oy = e e =
k=0 k=1

and variance V(X) = p (without proof).

1.4.3 Continuous Random Variables

Consider a chance experiment where the sample space {2 contains uncount-
ably many elements. In this case, assigning probabilities to all elements in
22 poses problems. Assume, for instance, we randomly choose a real num-
ber in [0,1]. If all numbers are equally likely to occur, we have to assign
probability zero to each since their “sum” must be one (note that the sum
over uncountably many nonzero values is undefined). Instead of giving a
new definition of probabilities, we restrict ourselves to a set of events, called
o-algebral, for which we can define probabilities as in the discrete case.

If we define a random variable as a function X : 2 — R, we want to reason
about the probability of events such as X =z forany x e Rora < X <b
for any interval (a,b]. From the properties of probabilities (see Def. [), we
then know the probability of the disjoint union of countably many of such
sets as well as the probability of the complement of such a Setﬁ.
Definition 9: ¢-ALGEBRA

A set F C 29 is called a o-algebra if

1. Qe F,

2. A€ F implies Ac F.

3From the two conditions in Def. [l one can easily derive that P(A) =1 — P(A).
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3. If A1, Ao, ... € F is a sequence of sels then

AiUA U ... € F.

The most important example of a o-algebra, which is needed in the sequel,
is the o-algebra that is generated by a set £ C 2. We define the smallest
o-algebra that contains £ by

o(&):=n{F D E: Fisaoc-algebra}.

Example 16: GENERATED 0-ALGEBRA
For simplicity, we consider the finite set Q = {1,2,...,6}. Let & ={{2,6},
{5,6}}. Then

o(&) = {{2,6},{5,6},{1,3,4,5},{1,2,3,4},{1,2,3,4,5},{6},...}.

If Q s finite, the idea is to construct a sequence of sets in an iterative
fashion, where we start with £ and obtain the mext set from the previous
one by joining and complementing elements of the current set. If no new
element can be constructed by union or complement operations, the current
set equals o(E).

Example 17: BOREL 0-ALGEBRA

Assume Q@ =R and € = {(a,b] : a,b € R,a < b}. The o-algebra B := o (&)
is called the Borel algebra on the reals. It contains all subsets, called Borel
sets, of 28 that can be obtained from £ by countable union and complement
operations. Note that also intervals of the form (a,b) or [a,b] are Borel sets.
A similar contruction is possible for Q0 = R"™. Intuitively, the Borel sets are
those sets, for which we can assign a “volume”, “area” or “size”. Subsets of
R™ that are mot_Borel _sets are only of theoretical interest since for practical
applications they are not of importance.

We are now able to give a more general definition of a probability space (i.e.
also for sample sets with uncountably many elements).

Definition 10: PROBABILITY SPACE

Let Q be a nonempty set and let F C 2 be a o-algebra. A probability space
is a triple (2, F, P) where the probability measure P : F — [0,1] is such
that

e P(Q) =1 and,
o if A1, Ay, ... € F is a sequence of pairwise disjoint sets, then

P(A1UA2U):P(A1)+P(A2)+
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Example 18: DISCRETE PROBABILITY SPACE
Any discrete probability space (0,22, P) fulfils Def. OO, since 2 is a o-
algebra and P is as in Def. 0.

Example 19: ONE-DIMENSIONAL INTERVAL
Let Q=R, F=B and 0 < a < b, a,b € R. Consider a probability measure
P:F —10,1] such that

min(y,b) —max(z,a)

Plwe|z<w<y}) = b-a
0 otherwise.

if max(z,a) < min(y,b)

Similar to how we extended the set € = {(a,b] : a,b € R,a < b} to a o-
algebra, we can show that if P is a probability measure and defined as above
for all half-open intervals, its value for the remaining sets in B is uniquely
determined.

Definition 11: REAL-VALUED RANDOM VARIABLE
Let (Q, F, P) be a probability space. Alreal-valned random variable on (Q, F, P)
is a function X : Q — R such that for all A € B

XM A) ={weQ| X(w)cAecF.

The above definition ensures
that if we want to know the
probability that X is in some
Borel set A, we can consider the
inverse image of A with respect

— X
)li-
to X, for which we know its

probability. Figure 1.12: Is the inverse image of A
Clearly, we can define a proba- wr.t. X an element of F?.

bility measure Px : B — [0, 1]

by setting Px(A) = P({w | X(w) € A}) = P(X!(A)) and use similar
notations as in the discrete case (e.g. P(a < X <)).

Definition 12: CUMULATIVE PROBABILITY DISTRIBUTION

Let X be a real-valued random variable on (2, F, P). The function F : R —

[0, 1] with z +— F(x) := P(X < z) is called the|cumulalive probability distribution
of X.

Example 20: ONE-DIMENSIONAL INTERVAL
Assume that X is a randomly chosen point in the interval [a,b] and (Q, F, P)
is as in Ex.[IA Then

= ify € [a,b],
if y > b,

Fly)=P(X<y) =<1
0 otherwise.
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f) F(x)

t } f } X
a b 4 a b

Figure 1.13: Density and cumulative probability distribution of a random
variable X.

We call a random variable X on (Q,F, P) discrete if X () is a discrete
set (finite or countably infinite). We call X continuous if X (€2) contains
uncountably many elements and there exists a non-negative and integrable
function f : R — R>q, called |density, with

Fo)=P(x <0)= [ 1) dy

Clearly,
|ty =

since F'(00) = 1, but note that P(X =vy) # f(y).

Example 21: ONE-DIMENSIONAL INTERVAL

Assume that X is as in Ez. 2. Then X is a continuous random variable
since the (constant) function f with

A a,bl,
f(y)z{”‘“ foelnd

0 otherwise.

is the density of X. We can verify this by calculating

ro)= [ a= [ - | rzx_a=P(X§a:)

b—a b—a

a

for x € [a,b], F(z) =0 for x < a, and F(z) =1 for x > b. Figure [[ 13
shows a plot of the functions f and F'.

The expectation and variance of a continuous random variable X with den-
sity f are defined as

o0

E(X) = /OO z- f(z) dz and V(X) = / (x — E(X))?- f(z) d.

—00 —0o0
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Note that these integrals may not exist, in which case the expectation/variance
is undefined.

Example 22: EXPONENTIAL DISTRIBUTION

Let A > 0. We say that a continuous random wvariable X is exponentially
distributed with parameter X if the density of X is such that, for t € R,

PSSV
f(t):{)\ e ift >0,

0 otherwise.

The cumulative probability distribution of X is then given by

Fla) { [fof@)ydt= [fr-eMdt=1—e ift>0,

0 otherwise.

Many results for discrete random variables carry over to the continuous set-
ting. For instance, properties of the expectation and variance (e.g. F(X +
Y) = E(X) + E(Y)) or results concerning the connection of random vari-
ables, joint distributions, stochastic independence, etc. We do not discuss
them here, as they are very similar to the results presented above. Moreover,
in the sequel, we will mostly work with discrete random variables.

1.5 Stochastic Chemical Kinetics

Consider a reaction volume with chemical species S7,...,Sy and chemical
reaction types Ri,...,Rp;. We assume that each reaction is elementary
and that we never have more than two reactants (bimolecular). Note that
both assumptions are harmless since we can describe any other reaction as
the composition of elementary bimolecular reactions. Moreover, collisions
between three or more molecules are extremely rare.

An ideal model of the time evolution of the system would track the exact
positions and velocities of all molecules. Whenever molecules collide, chemi-
cal reactions may occur. Unfortunately, such a model is infeasible for nearly
all systems. Moreover, the data that is available about the system is not
detailed enough.

As a more abstract model, we assume the positions and velocities are given
by probability distributions. For the positions we assume that the reaction
volume is well-stirred, which means that the molecules are uniformly dis-
tributed over the reaction volume. For the velocities we assume that the
reaction volume is in thermal equilibriuml The velocity of a single molecule
is then given by the Maxwell-Boltzmann_distribution. Since the position and
velocity of each molecule is now known we have that the number of molecules
of each species is enough information to predict the future behavior of the
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system. That is, given a vector (#5S1, ..., #Sn) for the populations at time
instant £, we can determine the populations at a later time instant ¢t + A.
Under these assumptions molecules collide randomly and chemical reactions
will occur at random points in time. Thus, we can define a chance ex-
periment whose outcomes are functions w : R>o — Zf such that w(t) =
(z1,...,2znN) is the population vector at time ¢ > 0. The state of the system
at time ¢ can then be represented by a vector of random variables (random
vector)

X0 = (x0,..., x{),

where, for 1 < 7 <
N, Xi(t) represents the
number of molecules of
species S; at time t.
Note that X® is a
discrete random vec-
tor, since the number
of possible values is a
subset of the countable
set Zf . On the other hand, we have uncountably many random vectors
(since time is continuous) that are all defined on the same probability
space (Q,F,P). Such a collection (X®);>¢ of random variables (or ran-
dom vectors) is called a [stochastic process and we simply write X instead of
(X (t))tzo. In the sequel we will see that we are dealing with a special case
of a stochastic process. First of all, the co-domain ZY = {0,1,...}", called

Figure 1.14: Mapping outcomes to states.

state space, is countable. Moreover, for w € €2, the functions ¢ — X® (w),
called trajectories, have a simple jump form as illustrated in Fig. [Tl Each
“‘jump” corresponds to the occurrence of a chemical reactions. Since X®
represents the state of the system at time t, we have X ®(w) := w(t), that
is, given an outcome w, the random vector X® projects w onto the value of
w at time t (see Fig. [LTdl). Note that we can also define €2 in a way that w(t)
contains more information than only the population numbers. For instance,
it could also contain information about the velocities and locations of the
molecules. In the sequel, however, we always assume that X® (w) is the
population vector at time ¢ (and does not contain further information) and
do not specify 2 in detail.

Example 23: GENE EXPRESSION

Consider the following four reactions:

) — mRNA
mRNA — mRNA + protein
mRNA — ()
protein. — ()

The associated Markov chain has state space Zi and an outcome is a func-
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tion w : Rsg — Z2 such that, if w(t) = (wi(t),ws(t)), on the trajectory
t — X (w) the number of mRNA molecules at time t is Xft) (w) = wi(t)

and the number of protein molecules at time t is Xét) (w) = wa(t).

1.5.1 Transition Probabilities

Assume that the process X is in state ¥ € Zf at time ¢, i.e. we consider the
set “X® = ={w | w(t) = F} of outcomes where X is in state Z at time ¢.
The process is in state ¢ at time t + A with probability

P (X0 = 7 X0 = 5).
We call the above values transition probabilities. Clearly, we have

de)?(H‘A)(Q) P (X(t-'rA) = :]j| X(t) = .’f)

L v(t+A) _ = () _ =
WZ@IP(X(JF )=, X0 =7
= pom Lo P {wlwt+a)=guwb) =3})

= ozl Uw e =)

pP(x@

— mp ()?@) - ;E) — 1.

Since in the abstract model the species’ populations at time ¢ is enough
information to predict the future evolution of the system, we have for all
A>0,t>0,t,t1,...ty € [0,t) with tg < ... <t, and &, To,..., T, € ZL,

P(Xt+a) — 7

- P X”(t—i—A) =7

This relationship is called the [Markov property, named after the Russian
mathematician |IA.A. Markov.

Note that we cannot determine the probability P()Z' () = #) without a base
case for the recursion that is given by the transition probabilities, i.e.,
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In order to uniquely determine the probability measure P, we assume that
P()Z'(O) = ) is given for all zy € Zf, that is, we fix the distribution at
time ¢ = 0 (and therefore the distributions for all remaining time points are
also ﬁxed)E.

Change Vectors. Recall_'that each x® (w)

“ump” of a trajectory t — X (w) cor- !

responds to the occurrence of a chem- —
ical reaction. For instance, a possible
trajectory for the system in Ex. 23 may —

be the function illustrated in Fig. —

(where we only plot the first compo- . >
nent of X®(w), that is, the number of
mRNA molecules).

The effect of the occurrence of a chem-
ical reaction of type R;, 1 < j < M is given by the wvector of change
v; € {—2,-1,0,1,2}" of R;. The i-th entry is the difference between

Figure 1.15: State changes occur
at discrete points in time.

the number of molecules of species S; gained by R; and the number of
molecules of species S; consumed by R;.

Example 24: GENE EXPRESSION
The change vectors of the four reactions of the gene expression example are
given by

Ry: ). — mRNA o1 = (1,0),
Ro: mRNA — mRNA + protein vy = (0,1),
Rs: mRNA — U3 = (—1,0),
Ry: protein — ) vy = (0,-1)

Thus, if 7 is the current state of the system and an instance of reaction R;
occurs, the next state will be & + vj.

Reactant Combinations. We consider the number of possibilities to
combine the reactants of a certain reaction if the current state is ¥ =
(x1,...,zn). If the reaction is of the form S; — products there are x;
reactants in the system, which yields x; different possible instances of the
reaction. If the reaction is of the form S; + Si — products, i # k, there are
x;-xy, different ways to combine the reactants. In the case of 2.5; — products,
there are (IQZ) = 0.5 ;- (x; — 1) possible combinations of two molecules of
type S;. Finally, for () — products, there is only one possible instance of the
reaction.

40ften we will start with probability one in a single state, i.e. P()?(O) = Zp) =1 for
some state xg.
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Infinitesimal Transition Probabilities. Assume now that [t,t+A)is an
infinitesimal time interval, that is, it “small enough” such that the probabil-
ity of more than one state change within [t,¢ + A) is negligible (disappears
in the limit). The fundamental premise of stochastic chemical kinetics is
that the probability of a type R; reaction within the next A time units is
proportional to the product of the number of reactant combinations and A,
that is, there exists a constant ¢; > 0 such that

P ()_('(HA) =T+ | X® = 5:') = ¢j - #reactant combinations - A.

Thus, for a fixed combination of reactants, the infinitesimal transition proba-
bility is ¢;-A. Note that we assume here that all change vectors are different,
but the above equation is easily extended to the case where change vectors
can be identical.

Stochastic Reaction Rate Constant. The above constant c; is called
stochastic reaction rate constant and its existence is guaranteed by physical
theory [Gil92]. Consider a bimolecular reaction. The value ¢; - A is the
probability that a fixed pair of reactants collide and that they then undergo
areaction (because a sufficient amount of factivation energylis available). For
a unimolecular reaction (only one reactant), it is the probability that a fixed
reactant molecule undergoes the reaction. The constant ¢; depends on the
microphysical properties of the reactant species, but also on the temperature
and the volume, which may change in time. In the sequel, we assume for
simplicity that the temperature and the volume of the system are ﬁxedﬁ.
Thus, the infinitesimal transition probability

P ()_('(HA) =T+ | X® = 5:') = ¢j - #reactant combinations - A.

depends on
e the reaction rate constant c; of reaction R,
e the current state Z, which gives the number of reactant combinations,
e the time step A (but not on the absolute time t).

Let o; be the function that calculates the product c;-#reactant combinations,
that is, for a state & = (x1,...,2,) and a reaction R; of the form

o S;+ S — products, i # k, we have a;(Z) = ¢; - x; - xy,

e S; — products, we have a;(Z) = ¢; - x;,

5Most concepts that we develop in the sequel will be easily extendable to time-
dependent stochastic reaction rate constants.
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e 25; — products, we have a;(Z) = ¢; - ;- (x; — 1) - 0.5,
e () — products, we have a;(Z) = ¢;j.

Example 25: GENE EXPRESSION

The propensity functions azq,...,aq of the four reactions of the gene expres-
sion example are such that for a state ¥ = (x1,x2) (where x1 refers to the
number of mRNA molecules and xo to the number of proteins),

Ry : ) — mRNA ai(ry,x0) = c1,

Ry: mRNA — mRNA + protein ao(x1,me) = ¢9 - X1,
R3: mRNA — 0 as(xy,x2) = c3 - o1,
Ry: protein — () ay(T1, 1) = cq - T.

The stochastic process (X®));>q is called a [Markov chain), because of the
Markov property (“Markov”) and the fact that the state space is discrete
(“chain”% Here, time is continuous and continuous-time Markov chains
should not be confused with discrete-time Markov chains, wheret = 0,1, .. ..
Moreover, X is time-homogeneous, which means that the infinitesimal tran-
sition probabilities are the same for all time instances ¢, i.e. they only depend
on the length A of the time interval but not on the current time instant .

1.5.2 Chemical Master Equation
Our aim is now to derive an expression for the probabilities

P(XO —3)= " P(X(t):f‘)z(o):g‘).P(X(O):g‘)

gezy
where the initial values P()Z' 0 = ),y € Zf are given, as well as the

propensity functions aq, ..., ays. For an infinitesimal time step of length A,
we have

stayed in Z (no reaction)

AN

P(XtHD) — ) = P (;z<t+A> 7| X0 = f) P(XW = 7)

M . . S
+ > P (X<t+A> =7 | X0 =7— ﬁj) P(X® = 7)),

in & — v at time ¢ and reaction R; occured

5Sometimes the term “Markov process” is used.
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which is equivalent to

stayed in Z (no reaction)

AN

’ M
P(XUHA) = 7) = (1 —Zaj(f)'A)'P(X(t) =17)
=1

M -
+ > aj(Z—7) A-P(XY =7 —7)).

in & — ¥; at time ¢ and reaction R; occured

d 73 — . P(XEHA) 3 _p(X®) =z
GP(X0=3) = lim & A=)
S 7 () — 7

J

T

The differential equation above is
called the Chemical Master Equa-
tion (CME). Note that we get an
equation for every state T € Zﬂ\rf
and these differential equations are
coupled since the derivative on the
right side requires the probability
P(X®) = #—4;) of state § = Z—0;.
If we combine, for a particular reaction system, the chemical master equa-
tion for every state then we have a system of coupled linear ODEs where the
variables are the probabilities to be in each state of the system, P(X' ®) = 7).
Given an initial probability distribution, the solution of the CME are the
probabilities P()Z (t) = #) for all states z. In general, the CME may not have
a unique solution. The reason is that the differences of the jump times of
the process become smaller and smaller and the system “explodes”ﬁ. Since
such pathological cases are only of theoretical interest, we assume that all
systems that we consider in the sequel have a unique solution. Moreover,
as long as the propensities are of the form described above, the CME will
always have a unique solution.

The intuitive meaning of the CME is that the derivative of the probability
of state z is the difference between the “inflow of probability” and the “out-
flow of probability” per time unit. The states are seen as nodes in a flow
network and their probability is the amount of fluid, which moves through
the network according to the propensities (see Fig. [LTHI).

Figure 1.16: Inflow and outflow of
probability.

"This may happen, if, for instance, the propensities grow exponentially in the state
variables.
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1.5.3 Expected Populations

Consider the expectation F (X (t)) of the random vector X ®. The i-th entry
denotes the expected number of molecules of type S; at time ¢. Recall that

BE(X®) = ¥ 7 -P(X® =7)

=7 N
TELY

Fig. [LT4 illustrates the solution of the CME for the enzyme reaction (see
Ex. [l) with initial condition P(X(© = (10,10,0,0)).
In the sequel, we will exploit the relationship

GEGXD) = ¥ 5@ FPEO =)

erN

= Z E(a;(XV) - (f(XO + 7)) — f(XD))),

(1.7)

where f : Zf — R is a function that is independent of t. As a special case,
we obtain

4p(X0) — é % B(ay (X)), (1.8)

which means that each reaction contributes to the change of the expectation
with the product of the expected propensity and the change vector. The
expected propensity of reaction R; is given by

¢ if a;(Z) = ¢,
() . -
. ¢ - E(X;”) if a;(Z) = ¢j - a3,
B(a; (X)) = cj - E(Xi(t) ‘Xlgt)) if aj(%) =c¢j- @i,
So;- (B(X(")?) - B(X[")) it ay(@) = de; - (e — )

Since we get a new equation for all expectations involving the product of
two random variables (third and fourth case, i.e., whenever ¢ is not linear
in the elements of ), which again involve expectations for which we get new
equations, this leads to an infinite series of differential equations. However,
if all propensity functions a; are linear (first and second case, i.e., at most
one reactant molecule), the equation can be simplified to

dEx(t _Mﬁ. N EB(X®
at ( )_321%.%( ( ))v

where we used the second property of the expectation (see page [d). This
gives a system of differential equations, which is identical to the reaction rate
equations except that we consider populations instead of concentrations. In
general, however, the solution of the reaction rate equations is different from
the average populations of the Markov chain.
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Figure 1.17: Solution of the CME for the enzyme reaction at time ¢t = 0.44.
Expected populations of P and C' molecules are depicted in red.

Example 26: EXPECTATION OF THE GENE EXPRESSION EXAMPLE
Consider the gene expression ezample (see Ex.[Z3). Assume that E(X(O)) =

(0,0). We compute E(X(t)) fort >0 by solving
iE(X(t)) —

M
P
4

— E(X®
50y (B(XY))
(1,0) - e+ (0,1) - e - E(X{")

+(=1,0) - e+ B(X]7) 4+ (0,-1) - es - B(X").

(O‘J(X( )))

@l

The ODE can be simplified to

FE(X) = e B(X)
GB(X) = e B(X) - B(X))).

Let us now convert Eq. from populations to concentrations. Assume
that V' € Ry is the volume (in liters). Choosing f(¥) = #- V! in Eq. [0
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yields
d ¢ & 7 ¢ -
aB(fXD) = 3 Bloy(X1)- (F(XY +5) — f(X)))
]:
M .
= Y ¥ -E(VL a(X1))
j=1
If YO .= f(X®) = X® . V-1 represents the concentrations of all species
at time ¢,
d .- M ,
%E(Y(t)) =320 B(V ! ay(v-YW)). (1.9)
j=1 ~
—38,(V()

yv-L. Cj if Oéj(:i") = ¢y,
el ) G Y if 0 (%) = ¢j - a4,
GO =VasVI =) vy, if (%) = ¢; - @i @y,
sy (Veyi— 1) if (@) = 3¢5 - ai - (2 — 1)
As before, we can simplify Eq. to
d = M .
ZEB(Y0) = 5 3-8, (B(Y0)), (1.10)
j=1

which equals the reaction rate equations with reaction rate constants

y-1 - Cj if aj(f) = ¢j,
ki = ¢; if (%) =¢; -z
J 7 7 I

In the general case, however, (not all functions 3; are necessarily linear) it
can be shown that the ODE

d M
ag(lt) — Zgj - B;(Z9)

approximates the values E (}7(”) (with initial condition 9 = E (}7(0))).
As molecule numbers and volume approach infinity this approximation is
shown to be exact [Kur72]. Note that for reactions of the form 25; — ...,
we approximate [3;() = %cj-yi-(v-yi—l) R~ %cj-Vyf since V-y;,—1 = V-y;
if the population of S; is large.

®Note that we can safely extend the domain of a; from ZY to RY.
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1.6 Summary

We have discussed two approaches for the analysis of biochemical reaction
networks. For the approach based on reaction rate equations we assume
that the concentrations of the chemical species change continuously and
deterministically in time. This gives us a system of (non-linear) differential
equations, whose solution are the concentrations of the species as a function
in time. The approach using the chemical master equation is based on a
stochastic description that considers populations of chemical species that
change at discrete points in time. Our motivation for the latter approach
is that even in genetically identical cell populations with equal amounts of
cellular components, the outcomes of certain experiments can be different
due to intrinsic noise.

The stochastic model assumes random collisions between molecules that may
change the populations of the species. The populations are represented by
the random vector X ) whose i-th entry represents the number of molecules
of type S; at time ¢t. Given an initial population £y and a propensity function
a; for each reaction R, j € {1,..., M}, the probabilities P(X® = Z) are
given by the solution of the chemical master equation (see Eq.[[H). The state
space of the stochastic model can be extremely large, e.g., if we start in the
case of the enzyme example (Ex.[) with 500 enzymes and 500 substrates, the
number of reachable states is 125751. Thus, the CME would have 125751
equations in this case. For other examples, such as the gene expression
example (see Ex. Z3)), the number of reachable states is even infinite. If
the populations of the chemical species are large, we can approximate the
expected concentrations with the solution of the reaction rate equations. For
systems, where certain species occur with small populations, we can resort
to stochastic simulation, which is the topic of the next chapter.
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Chapter 2

Stochastic Simulation

2.1 Introduction

Since a numerical solution of the chemical master equation is in most cases
computationally very expensive or even infeasible, in this chapter we present
an alternative way to analyse Markov chains that describe networks of bio-
chemical reactions. The idea is to generate trajectories of the Markov chain
by using pseudo random numbers. Once enough trajectories are generated,
we use arguments from statistics to estimate probabilities of certain events.
In Markov chain theory, the generation of trajectories is called Monte-Carlo
simulation. For coupled chemical reactions, however, this approach is usu-
ally referred to as stochastic simulation or |Gillespie simulation,.

2.2 Trajectory Generation

Consider a Markov chain with state space Zf that describes the dynamics of
a network of M biochemical reactions with N molecular species and assume
that zq is the initial state of the systemﬂ. In order to generate a prefix of
a trajectory t — X®(w), that is, values X®(w) during a certain interval
[0, h], we need to know

a) the distribution of the time that the process remains in a state once
that state is entered,

b) the probability that, for j € {1,2,..., M}, if the current state is z,
the next state is  + v;, which means that reaction I; occurred.

The random variables that correspond to the distributions mentioned in
case a) are called residence times. We refer as jump probabilities to the
probabilities mentioned in case b).

"We omit the vector notation in the sequel and simply write = instead of & and X
instead of X, etc.
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2.2.1 Residence Times

For the continuous-time Markov chain
(X(t))tzo on a sample space €2 we de-
fine jump times Tp(w) = 0 and, for X (w)
n=0,1,..., 0

Tn—i—l(w)

= inf{t > T,(w) | XO(w) # XTI (W)}, $—

> 1

where w € Q and Tph41(w) = oo if Dolw) Tw) W) h

XO(w) = XTI (w) for all t > T, (w).
Note that T;, is a random variable with
T, :Q — RZO @] {OO}

Next we define the sequence of residence times of X as Dy(w) = 0 for all
w € Qand, forn=0,1,...,

Figure 2.1: Jump times Ty, 71, . ..

Dn+1 = Tn+1 - Tna

where we assume that co —z = oo if z € R.

After n jumps, process X is in state X (Tn) and remains there for Dy 41 time
units.

Let us now consider the probability to remain longer than s time units in
state z. It holds that

P(Dpy1>s| XT) =2) = P(D; > 5| X© =),

since the transition probabilities of X are independent of ¢. For an infinites-
imal time interval [s, s + A),

P(D; > s+ A X0 =)
= PD;>s+A,D;>s| X0 =y)
= P(D1>s+A[D;>s5,X0=2)P(D;>s]| X0 =g)

M
= (1-) @A) PDy>s]|XO=2)
j=1

no reaction within [0, A]
Note that we used the Markov property in the last step of the above equation.
The probability of no reaction within [0, A] is independent of the fact that

the process already remained s time units in state x. For the derivation we
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get
LPD;>s| X0 =2)

—  lim P(D1>5+A|X O =z)—P(D;>s| X (0 =z)
A—0 A

M
= —Z' laj(a:) P(Dy >5| XO =2).
]:

Since P(D; > 0| X = z) = 1, the differential equation has the solution
P(Dy > s | X0 = x) = e~ 0(@)s,
which means that the distribution of the residence time in state x is negative
exponential with parameter
M

ijl aj(z) = ao(z).

Note that the exponential distribution has the memoryless property, that
is, for an exponentially distributed random variable D, t,s 