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Preface

These lectures were delivered at Saarland University in 2009. They focus
on the analysis of stochastic models in systems biology. Knowledge of basic
mathematical concepts is a prerequisites for understanding these lecture
notes. The necessary background in systems biology and probability theory
is part of these notes.
We use hyperlinks to Wikipedia pages to encourage students to explore
further the context of this course. However, we would like to point out that
Wikipedia entries are mostly written by laymen and should not be used as
a primary information source.
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Chapter 1

Deterministic vs. Stochastic

Chemical Kinetics

1.1 Introduction

Mathematical models are an indispensable part of the systems biology re-
search cycle. They are used to complement experimental studies that are
carried out in vivo or in vitro in order to refine, falsify and verify hypothe-
ses related to biological phenomena. The in silicio simulation of a biological
system based on a mathematical model is fast and does not require expen-
sive laboratory work. Moreover, it can reveal details about the functional
relationships between proteins and other molecules in the cell.

The traditional modeling approach for dynamic systems of cellular processes
is based on deterministic models, where the future of the system can be pre-
dicted with certainty. They describe the interactions between populations
of molecules of different types. Instead of modeling each single molecule in
detail (position in space, functional structure, etc.), this modeling approach
operates at a macroscopic scale. The state of the system is given by the con-
centrations of the chemical species and a continuous deterministic change of
these concentrations is assumed.

state

time

Figure 1.1: State changes occur at
discrete points in time.

Here we focus on stochastic models.
They are based on the assumption that
the state of the system changes at
discrete points in time (see Fig. 1.1).
These changes are triggered by chemi-
cal reactions that occur randomly. The
stochastic approach has gained more
and more attention recently since in
many biological systems the random-
ness of microscopic events have a signif-
icant influence. In a stochastic model,
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1.2. REACTION RATE EQUATIONS

various possibilities exist for the future behavior of the system, where each
possibility has a certain probability. In this chapter, we motivate and dis-
cuss the definition of discrete-state stochastic models for dynamic cellular
processes and compare them to deterministic models.

1.2 Reaction Rate Equations

Reaction rate equations are a deterministic modeling approach that is the
most widely used approach for cellular dynamics. They are based on the
idea that the concentrations of the chemical substances can be approximated
by a process that changes continuously and deterministically in time.

1.2.1 Specification of Reaction Networks

Consider the stoichiometric equation

A + B︸ ︷︷ ︸
reactant species

−→ C.︸︷︷︸
product species

The uppercase letters denote different types of molecules (also called chem-
ical species). We refer to the chemical species on the left hand side of the
arrow as reactant species and to those on the right hand side as product
species. A stoichiometric equation describes a chemical reaction and since
several instances of the same reaction may occur, it is also referred to as
a reaction channel. Stoichiometric equations specify which reactant species
are required for the reaction to occur and which are the products of the re-
action. In the above example, a molecule of type A and a molecule of type B
form a molecule of type C. Note that reactions may require/produce more
than one molecule of a certain type. In this case a stoichiometric coefficient
is explicitly added, e.g. consider the reaction channel

2A −→ D,

which describes a dimerization.
In the sequel, we consider only elementary reactions which correspond to a
single mechanistic step. In general, reactions may have intermediate prod-
ucts and/or parallel reaction pathways. They can, however, always be de-
composed into elementary reactions. We assume that the number of reactant
and product species is at most two, since it is highly unlikely that more than
two molecules collide at the same time.
Mathematical models of natural systems are usually idealized descriptions
of the real system since

• the real system is extremely complex and a detailed description would
make the model intractable,

2
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1.2. REACTION RATE EQUATIONS

• many details have no significant influence on the phenomenon the mod-
eler wants to study with the mathematical model.

The following assumptions for mathematical models of coupled chemical
reactions simplify the construction and analysis of the model considerably
and have proven to be appropriate for most systems.

We consider a

• constant reaction volume

• with fixed temperature and pressure

• that is spatially homogeneous (i.e. a well-stirred mixture).

In this section, A(t) denotes the molar concentration of type A molecules
at time instant t ≥ 0, that is, the number of moles of A per liter, where
one mole contains NA molecules. The number NA ≈ 6 · 1023 is called the
Avogadro constant . Clearly, the total number #A(t) of molecules of type A
at time t is

#A(t) = A(t) · NA · V,

where V is the volume (in liters).

1.2.2 Law of Mass Action

0
0  

 

C(t+∆)

C(t)

t+∆t

Reaction rate equations are
based on the law of mass
action, which reasons about
the change of the chemical
concentrations. According
to the law of mass action, for
a small time step of length
∆ > 0, the change

C(t + ∆) − C(t)

of the concentration of a
product C of a reaction is

proportional to the product of the reactant concentrations and ∆.

For instance, in the case of A + B → C we have

C(t + ∆) − C(t) ≈ k · A(t) · B(t) · ∆.

for small ∆. This approximation becomes exact as ∆ approaches 0.
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Figure 1.3: ODE solution of the enzyme reaction.
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Figure 1.2: Solution of the system of
differential equations for A + B → C.

If we know the concentration of
C at time t we can approximate
C(t + ∆) by C(t) + k · A(t) ·B(t) ·
∆. The factor k > 0 is called
reaction rate constant or affinity
constant. Letting ∆ → 0, we ob-
tain

lim
∆→0

C(t+∆)−C(t)
∆ =

d
dtC(t) = k · A(t) · B(t).

(1.1)

The remaining species A and B are used up by the reaction A+B → C and
thus

d

dt
A(t) =

d

dt
B(t) = −k · A(t) · B(t). (1.2)

The system of differential equations given by (1.1) and (1.2) is called reaction
rate equations. Note that we have to specify initial concentration (that is,
values for A(0), B(0), C(0)) in order to obtain solutions A(t), B(t), C(t) for
all t ≥ 0.

Example 1: Enzyme Kinetics
We consider a network of three biochemical reactions given by

E + S
k1−−⇀↽−−
k2

C
k3−−→ E + P. (1.3)

It describes the formation of a complex (C) from an enzyme (E) and a sub-
strate (S). The complex molecule can either dissociate to yield E and S

4
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1.2. REACTION RATE EQUATIONS

again or to yield E and a product P . The corresponding differential equa-
tions for the concentrations are

d
dtE(t) = −k1 · E(t) · S(t) + (k2 + k3) · C(t)

d
dtS(t) = −k1 · E(t) · S(t) + k2 · C(t)

d
dtC(t) = k1 · E(t) · S(t) − (k2 + k3) · C(t)

d
dtP (t) = k3 · C(t).

Note that since this system is closed (molecules can neither “dissapear” nor
“appear from nothing”), we have the following conservation laws. Assume
E(0) = e0, S(0) = s0, and C(0) = P (0) = 0. Then for all t1

E(t) + C(t) = e0

S(t) + C(t) + P (t) = s0

This can be easily seen by checking

d
dtE(t) + d

dtC(t) = 0

d
dtS(t) + d

dtC(t) + d
dtP (t) = 0.

Fig. 1.3 shows the solution of the above system of differential equations.
Initially the concentrations of P and C are zero. Then P (t) increases until
all molecules of type S are transformed into P molecules. Thus, S(t) de-
creases in time. The concentration of complex molecules raises quickly at
the beginning but decreases afterwards since the number of substrates becomes
exhausted.

In general, the reaction rate equations yield a system of non-linear ordinary
differential equations (ODEs). A general form for a system of (coupled)
ODEs is

d

dt
y(t) = f(t, y(t)),

where t ∈ R, y : R → R
n, f : R

n+1 → R
n. In the case of reaction rate

equations, n is the number of chemical species, y(t) is a vector of concen-
trations and f(t, y(t)) is a vector whose entries specify the change of the
concentrations.

Solving Ordinary Differential Equations We give a short introduc-
tion on the solution of ordinary differential equations. For a more detailed
discussion we refer to [HNW08, HW04].
We consider the following gerenal form of a system of ODEs

d

dt
y(t) = f(t, y(t)), (1.4)

1We assume C(0) = P (0) = 0 for simplicity. The case C(0) = P (0) > 0 yields similar
but slightly more complex conservation laws, which we leave as an exercise.

5

http://en.wikipedia.org/wiki/Ordinary_differential_equation
http://en.wikipedia.org/wiki/Ordinary_differential_equation


1.2. REACTION RATE EQUATIONS

where t ∈ R, y : R → R
n, and f : R

n+1 → R
n. Eq. (1.4) specifies the slope

of the unknown function y(t) but not the actual values. In general, there is
an infinite family of solutions if f is “sufficiently smooth” (more precisely,
f is Lipschitz continuous in y and continuous in t). If a system of ODEs is
derived from reaction rate equations, the smoothness condition always holds
for bounded time intervals. Informally, this comes from the simple product
form of the law of mass action. If a single value y(t0) = y0 is specified at
some point t0, there is a unique function y(t) with y(t0) = y0 that satisfies
Eq. (1.4). It is called the solution to the initial value problem defined by
Eq. (1.4) and the point y(t0) = y0.
In simple cases, it is possible to derive an analytical expression for y.
Example 2: Exponential Function
Let λ ∈ R. The one-dimensional ODE

d

dt
y(t) = λ · y(t), (1.5)

has solutions y(t) = c · eλt for c ∈ R (compare Fig. 1.4). If we fix y(0) = y0

then y(t) = y0 · eλt.

Informally, an ODE is called unstable if the members of the solution family
move away from each other with time (see Fig. 1.4, top) and stable if they
move closer. If neither of these two cases are true, the ODE is called neutrally
stable. An example for a neutrally stable ODE is d

dty(t) = a for a ∈ R, which
has the solution y(t) = a · t + c.
Note that stable or unstable behavior can occur in different parts of the
domain for the same equation. In general, for t ∈ R, the Jacobian matrix

{J}ij =
dfi(t, y(t))

dyj(t)

provides information about the stability of the ODE. If there is any eigenvalue
with positive real part, the ODE is unstable at t. If all eigenvalues have neg-
ative real part, the ODE is stable at t. For instance, the Jacobian matrix of
the ODE in Eq. (1.5)) is J = λ (and thus the only eigenvalue is λ).
Let us now consider the approximation of the ODE solution at discrete
points. The idea is to start with the initial condition y(t0) = c and predict
y(0 + ∆) for a small increment ∆.
As a prototype approach we discuss the Euler method. Most other approx-
imation methods for ODEs are based on similar ideas. From

lim
∆→0

y(t + ∆) − y(t)

∆
=

d

dt
y(t) = f(t, y(t))

it follows that, for small ∆ > 0,

y(t + ∆) ≈ y(t) + f(t, y(t)) · ∆.
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Figure 1.4: Solution curves for d
dty(t) = 0.5·y(t) (top) and d

dty(t) = −0.5·y(t)
(bottom).

For initial value c this leads to the iteration

t0 = 0, tn+1 = tn + ∆ for n ≥ 1,
y0 = c, yn+1 = yn + ∆ · f(tn, yn).

The values yn converge to the true solution y(tn) if ∆ → 0. In practice,
the Euler method yields poor results compared to other methods, such as
Runge-Kutta methods. The reason is that in order to bound the approxi-
mation error, for many systems the stepsize has to chosen very small. Espe-
cially, small errors are magnified with time if the equation is unstable, since
the n-th approximation lies on a different member of the solution family.
Errors are, however, diminished with time if the equation is stable and the
step size is “small enough”.

In general, the quality of the approximation depends on the particular ODE,
the chosen numerical method, and the stepsize ∆.
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1.2. REACTION RATE EQUATIONS

1.2.3 Michaelis-Menten Approximation

Solving large reaction rate equations can be computationally difficult. In this
case it is useful to find a smaller ODE which has approximately the same
solution as the large system of reaction rate equations. Michaelis-Menten
approximation techniques can be used when some of the reactions are much
faster than others. We then find that the fast reactions stabilize very quickly
compared to the slow reactions. Using this information we can approximate
the ODE system by assuming that the fast reactions are always in their
stable state.
Example 3: Michaelis-Menten approximation
Consider the enzyme reaction in (1.3). Now assume that the creation of the
complex C and the degradation of the complex into enzyme E and substrate
S occurs much faster than the degradation of the complex into enzyme and
product. Because of this we may assume that the concentration of C is
always stable, i.e., d

dtC(t) = 0. From the conservation laws we also have
E(t) + C(t) = e0. We now rewrite the ODE for the complex to express C(t)
in terms of S(t):

0 = d
dtC(t) = k1 · E(t) · S(t) − (k2 + k3) · C(t)

= k1 · (e0 − C(t)) · S(t) − (k2 + k3) · C(t)
= k1 · e0 · S(t) − (k1 · S(t) + k2 + k3) · C(t)

⇐⇒ C(t) = e0 · k1·S(t)
k1·S(t)+k2+k3

C(t) = e0 · S(t)
S(t)+km

.

Here km = k2+k3
k1

is called the Michaelis constant. It is important to re-
alize that we do not assume that C(t) is constant even though we assume
that d

dtC(t) = 0. Rather we assume that the concentration of C changes so
fast in comparison to the slow production of P that, when the concentra-
tion of S changes, the concentration of C immediately moves to its stable
concentration.
Now that we have expressed C(t) in terms of S(t) we can also express d

dtP (t)
in terms of S(t):

d

dt
P (t) = k3 · C(t)

d

dt
P (t) = k3 · e0 ·

S(t)

S(t) + km

The constant km is a measure of how much slower the production of P
(reaction rate constant k3) is compared to the other two reactions (constants
k1 and k2). We compare this constant with the substrate concentration S
and consider three cases.

• If S(t) ≫ km then there is a large amount of substrate. This means

that most enzymes will be part of a complex molecule. We find S(t)
S(t)+km

≈

8
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1.3. STOCHASTIC PHENOMENA IN THE CELL

1 and thus d
dtP (t) ≈ k3 · e0. In other words, protein production is ap-

proximately constant.

• If S(t) ≪ km then there is a small amount of substrate, but the first two
reactions are much faster than the protein production reaction. Most
enzymes will then be free (not part of a complex). We find S(t)

S(t)+km
≈

S(t)
km

and thus d
dtP (t) ≈ k3

km
·e0 ·S(t). In other words, protein production

can be seen as a reaction S −→ P with rate constant k3
km

· e0.

• If S(t) ≈ km, we find S(t)
S(t)+km

≈ 1
2 and d

dtP (t) ≈ 1
2 · k3 · e0. Again, we

find that protein production is approximately constant.

1.3 Stochastic Phenomena in the Cell

“Biologists tend to think deterministically. A case in point is

their prolonged search for the “founder cells” of the slime mould

Dictyostelium. These amoebae emit pulsatile cAMP signals under

starvation conditions, mobilizing neighboring cells to surround

them and form a motile multicellular slug that wanders off to

form spores. Despite their efforts, biologists never could find

the founder cells. The reason is that all Dictyostelium amoe-

bae have the capacity to produce cAMP signals, and becoming a

founder cell is a matter of chance–it’s a stochastic process (1).”

(In “Small Numbers of Big Molecules” )

In this section, we motivate stochastic modelling approaches for dynamical
systems in the area of systems biology. We present one of the most prominent
examples, the phage lambda decision circuit, where a deterministic model
(such as the reaction rate equations introduced in the previous section) is
inappropriate and a stochastic model is required [ARM98].

1.3.1 Lambda Phage Decision Circuit

Lambda phage is a virus that infects the bacterium E. Coli. It consists of
a head containing the virus DNA and a tail, which is used to attach to
the surface of E. Coli. Such viruses are called bacteriophages and have no
own metabolism, but use that of their host instead. On infection, the virus
particle binds to the membrane of the bacterium and injects its DNA. Af-
terwards the host’s metabolism is changed by the gene expression products
of the virus. The infected cell may then enter the lytic cycle, which means
that new phages are synthesized in the cell, which finally bursts (lysis) to
release the new phages. It may also be that the host cell does not enter the
lytic cycle, but integrates the virus genome into its own genome. In this case
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cI

PRM

cro cII

PR TR1

ncIII

PL PRETL1

lysogeny lysis

Figure 1.5: Arrangement of parts of the virus genome.

the cell enters the lysogenic cycle. Through cell division, the virus DNA is
replicated and in this way the DNA of the daugther cells also contains the
integrated virus DNA. Any cell in the lysogenic cycle may, under certain
conditions, eventually enter the lytic cycle.

The decision between lysis and lysogeny after infection depends on the tem-
poral pattern of two proteins, CI and Cro

2. Their promoters PRM and PR

are arranged in the phage lambda genome as illustrated in Fig. 1.5. On
infection, only the promotors PR and PL are active. All others have a low
basal activation. This leads to an accumulation of N and Cro proteins (see
termination points for RNA Polymerase in Fig. 1.5 that are marked in red
color). The protein N is used to antiterminate RNA Polymerase upstream
from the termination points TL1 and TR1. Then transcription of the genes
cII, cIII, etc is activated.

Lysis. It is most likely that the cell enters the lytic cycle if the following
steps occur next:

• The concentration of Cro raises quickly and a negative feedbackloop
is entered, that is, Cro dimers repress PR and the concentration of
Cro becomes stable (see also the detailed model of the lysis-lysogeny
decision circuit).

• Cro dimers also repress PRM and PL, which leads to a low concentration
of CII.

• PRE is not activated.

• The transcription of the virus DNA is mostly performed in the right-
ward direction.

2We use names starting with upper case letters to denote proteins and we use the same
names for the corresponding genes, but start with lower case letters.
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1.3. STOCHASTIC PHENOMENA IN THE CELL

Lysogeny. It is most likely that the cell enters the lysogenic cycle if the
following steps occur next after protein N has antiterminated TL1 and TR1:

• The concentration of Cro raises slower than that of CI (roughly #CI

dimers >145 and #Cro dimers <55).

• The number of CI dimers stabilizes at 140-200 molecules and the
dimers repress PR and PL, but activate PRM .

• The number of Cro and N molecules decreases, which makes leftward
transcription more likely.

The concentration of CI can raise quickly at the beginning since PRE is
activated by CII molecules (even though their concentration may be low).
Later, CI molecules are produced via the positive autoregulation at PRM ,
that is, PRM is activated by CI dimers.

The decision between lysis and lysogeny is biased by the following factors:

(i) the nutritional state of the host cell,

(ii) the multiplicity of infection (number of phages that are simultaneously
infecting the same cell),

(iii) the cell volume.

At a high level of nutrition the overall proteolytic activity is high, which
results in a shorter lifetime of CII and CIII. This decreases the probability
of PRE activation and thus the probability of lysogeny. A high multiplicity
of infection increases the number of genes of CII and CIII. Then PRE is
activated at an early stage to kickstart the production of CI, which results
in a higher probability of lysogeny. For (iii), it has been observed that
smaller cells go more likely into lysogeny. Although the exact mechanisms
are unkown, the conjecture is that since in small cells the concentrations of
CII and CIII is higher than in large cells, PRE activation is more likely in
small cells.

1.3.2 Intrinsic and Extrinsic Molecular Noise

In the previous section we have seen that biological processes are signif-
icantly influenced by combinations of random microscopic events in the
cell. It remains the question what the origin of this “cellular noise” is.
In order to distinguish different sources of noise, the following experiment
has been carried out: In [ELSS02], Elowitz et al. report about strains of
E. coli with two genes that are expressed under the same conditions. Using
fluorescent markers in two different color (yellow and cyan) they could de-
termine the gene expression strength of each gene. As a result they obtained
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cells with different combinations of yellow and cyan. In some cells, only one
of the two genes was expressed whereas in other both genes were expressed.

The work of Elowitz et al. is an experimental proof for so-called intrinsic
noise, which arises from random microscopic events in the cell, such as the
location of molecules or the order of the chemical reactions. As opposed to
that extrinsic noise arises from the variability in a population of genetically
identical cells, that is, from the different amounts of cellular components.

Modeling systems that are subject to molecular noise is challenging since the
traditional reaction rate equation approach is inappropriate. Instead of a
deterministic model that predicts a single outcome (with certainty), stochas-
tic models are required. But besides the fact that a stochastic model can
predict probabilities for the different outcomes of an experiment, its must
take into account the discreteness of the events in the cell. More precisely,
instead of assuming continuous changes for the concentrations of chemical
species, the model has to consider discrete “jumps” (compare Figure 1.1).

1.4 Basic Concepts of Probability

“Was ein Punkt, ein rechter Winkel, ein Kreis ist, weiß ich schon

vor der ersten Geometriestunde, ich kann es nur noch nicht präzisieren.

Ebenso weiß ich schon, was Wahrscheinlichkeit ist, ehe ich es

definiert habe.“ (Hans Freudenthal)

This section gives a short primer on discrete and continuous random vari-
ables.

1.4.1 Probabilities

Let us consider chance experiments with a countable number of possible
outcomes ω1, ω2, . . .. The set Ω = {ω1, ω2, . . .} of all outcomes is called the
sample space . Subsets of Ω are called events and by 2Ω we denote the set
of all events.

Example 4: Rolling a die and tossing a coin
If we roll a die, the set of possible outcomes is Ω = {1, 2, . . . , 6}. The event
“number is even” is given by E = {2, 4, 6}.
If we toss a coin and count the number of trials until a head turns up for
the first time, Ω = {1, 2, . . .}. The event “number of trials greater than 10”
is given by E = {11, 12, . . .}.

We define what a probability is using Kolmogorov’s axioms.

Definition 1: Probability
Assume Ω is a discrete (i.e. finite or countably infinite) and non-empty
sample space. Let P be a function such that P : 2Ω → [0, 1]. The value
P (A) is called the probability of event A if P is such that
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1. P (Ω) = 1,

2. for pairwise disjoint events A1, A2, . . . it holds that

P (A1 ∪ A2 ∪ . . .) = P (A1) + P (A2) + . . . .

Ω

A

B

C

Figure 1.6: Using set argu-
ments for the calculation of
event probabilities.

When we reason about the probability of
certain events, we can use many arguments
from set theory. For instance, if the events
A,B, and C are as illustrated in Fig. 1.6, it
holds that
P (A ∪ B) = P (A) + P (B) and
P (A ∪ C) = P (A) + P (C) − P (A ∩ C).
Example 5: Rolling a die
The probability of the events {2, 4, 6}, {2},
and {1, 2, . . . , 6} are
P ({2, 4, 6}) = 1/2,
P ({2}) = 1/6, and
P ({1, 2, . . . , 6}) = 1, respectively.

Tossing a coin until heads for the first time
The probability of the events “exactly n trials” and “more than three trails”
are
P ({n}) = (1/2)n and
P ({4, 5, . . .}) = P (Ω \ {1, 2, 3}) = 1 − (1/2 + 1/4 + 1/8) = 1/8.
Note that P (Ω) =

∑
ω∈Ω P ({ω}) = 1/2 + 1/4 + 1/8 + . . . = 1.

The triple (Ω, 2Ω, P ) is called a discrete probability space .
Definition 2: Conditional Probability
Let A,B be events and P (B) > 0. Then

P (A|B) :=
P (A ∩ B)

P (B)

is called probability of A under the condition B. Clearly, this implies that
P (A ∩ B) = P (A|B) · P (B).

It is easy to show that the value P (A|B) is a probability in the sense of
Definition 1.
Example 6: Lung Cancer
We define the events
A: person gets lung cancer with P (A) = 72

200000 = 0.00036,
B: person is a smoker with P (B) = 0.25.
From the people that get lung cancer, 90% are smokers. The experiment
consists in choosing a person at random. For the probability of getting lung
cancer under the condition of being a smoker, we calculate
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P (A|B) = P (A∩B)
P (B) = 0.9·0.00036

0.25 = 0.001296.

For the probability of getting lung cancer under the condition of not being a
smoker, we get

P (A|B̄) = P (A∩B̄)

P (B)
= 0.1·0.00036

0.75 = 0.000048.

Thus, the chance of getting lung cancer is around 30 times higher for smokers
compared to non-smokers.

Definition 3: Independence
Let 0 < P (B) < 1. The event A is called independent of B if

P (A|B) = P (A|B̄).

Example 7: Independent Events
Consider the case A = Ω. The event Ω is independent of any event B with
0 < P (B) < 1 since

P (Ω|B) = P (Ω∩B)
P (B) = 1 = P (Ω∩B̄)

P (B)
= P (Ω|B̄).

Assume now that Ω = {1, 2, . . . , 6}, A = {5, 6}, and B = {2, 4, 6}. Then

P (A|B) = P (A∩B)
P (B) = P ({6})

P ({2,4,6}) = 2 · 1
6 = 1/3

and

P (A|B̄) = P (A∩B̄)

P (B)
= P ({5})

P ({1,3,5}) = 2 · 1
6 = 1/3,

which means that A = {5, 6} is independent of B = {2, 4, 6}.

Ω

B

A1

A2

A3

A4

Figure 1.7: The law of total
probability.

Assume that we have a finite or count-
ably infinite number of events A1, A2, . . .
that are pairwise disjoint. Assume fur-
ther Ω = A1 ∪ A2 ∪ . . . and P (Ai) > 0
for all i. Often, the probability of some
event B is unknown, but the conditional
probabilities P (B|Ai), . . . are known. In
this case, P (B) can be computed using the
law of total probability , which states that

P (B) =
∑

i P (B|Ai) · P (Ai)︸ ︷︷ ︸
=P (B∩Ai)

.

The corresponding partitioning of Ω is illustrated in Fig. 1.7.
If, however, P (Ai|B) is the probability of interest, one can use Bayes’ theorem ,
which states that
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P (Ai|B) = P (B∩Ai)
P (B) = P (B|Ai)·P (Ai)

P (B) = P (B|Ai)·P (Ai)
P

i P (B|Ai)·P (Ai)
,

where A1, A2, . . . are as above.
Example 8: Noisy Channel
Consider the noisy binary channel illustrated below.

1

0

1

0

1 − p

1 − p

p

p

If the channel is noise-free (p = 0), zero is transmitted from the upper left
node to the upper right node. Similarly, one is transmitted from the lower
left node to the lower right node. If the channel is noisy, with probability
p > 0 one is transmitted instead of zero and zero instead of one. Assume
that the probability of sending zero is π0 and the probability of sending one
is π1 = 1 − π0.
We define the events

• A0: send zero with P (A0) = π0,

• A1: send one with P (A1) = π1 := 1 − π0,

• B0: receive zero,

• B1: receive one,

Then, P (B1|A0) = P (B0|A1) = p and P (B1|A1) = P (B0|A0) = 1 − p. We
calculate

P (B1) = P (B1|A0) · P (A0) + P (B1|A1) · P (A1) = p · π0 + (1 − p) · π1,

P (B0) = P (B0|A0) · P (A0) + P (B0|A1) · P (A1) = (1 − p) · π0 + p · π1.

1.4.2 Discrete Random Variables

A random variable is used to represent an outcome of an experiment. Tech-
nically, the fact that this variable is “random” (that is, it takes values with
a certain probability), is realized by using a mapping.
Definition 4: Discrete Random Variable
Let (Ω, 2Ω, P ) be a discrete probability space. A function

X : Ω → R

is called a discrete (real-valued) random variable on (Ω, 2Ω, P ).
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Ω X(Ω)

ω1

ω3

ω2

X

X

Figure 1.8: Relating random variable and
probability.

Now, that we mapped the out-
come of an experiment to R, we
need to assign probabilities to
the subsets of X(Ω) = {a ∈
R | ∃ω ∈ Ω : X(Ω) = a}.
Since we already have probabili-
ties for events A ⊆ Ω, we define
a function PX : 2X(Ω) → [0, 1]
such that, for A ∈ 2X(Ω),

PX(A) := P (X−1(A)) = P ({ω ∈ Ω | X(ω) ∈ A}).

Then (X(Ω), 2X(Ω), PX) is a discrete probability space.
Example 9: Rolling two dice
Assume Ω = {(ω1, ω2) | ω1, ω2,∈ {1, . . . , 6}} and X : Ω → R is such that
X(ω1, ω2) = ω1 + ω2.
Then, the probability of having the number 10 is

PX({10}) = P (X−1({10})) = P ({(ω1, ω2) ∈ Ω | X(ω1, ω2) = 10})
= P ({(4, 6)}) + P ({(6, 4)}) + P ({(5, 5)}) = 1/12.

In the sequel, we use the following “shortcuts“ to refer to subset of Ω:

• “X = a” stands for the set {ω ∈ Ω | X(ω) = a}

• “X ≤ a” stands for the set {ω ∈ Ω | X(ω) ≤ a}

• “X < a” . . .

Thus, for instance,

P (X ≤ a) = P ({ω ∈ Ω | X(ω) ≤ a}) =
∑

c∈X(Ω),c≤a

P (X = c).

The function f : X(Ω) → [0, 1] with f(a) = P (X = a) is called the
discrete probability distribution of X.
Definition 5: Cumulative Probability Distribution
Let X be a discrete (real-valued) random variable. The function F : R →
[0, 1] with

F (x) := P (X ≤ x) =
∑

a∈X(Ω),a≤x

P (X = a).

is called the cumulative probability distribution of X.

Example 10: Rolling two dice
Assume that X is defined as in Example 9. The discrete probability distri-
bution and the cumulative probability distribution of X are shown in Fig-
ure 1.10.
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2 3 4 5 6 7 8 9 10 11 12
0

0.05

0.1

0.15

0.2

Figure 1.9: Discrete probability dis-
tribution (rolling two dice).

2 3 4 5 6 7 8 9 10 11 12
0

0.2

0.4

0.6

0.8

1

Figure 1.10: Cumulative probability
(rolling two dice).

Besides the probability distribution of a discrete random variable X, other
values related to X are of interest. The expectation and variance of X are
defined as

• E(X) =
∑

x∈X(Ω) x · P (X = x)

• V (X) =
∑

x∈X(Ω)(x − E(X))2 · P (X = x)

respectively. (Note that the sum might not converge, in which case the
expectation/variance does not exist.) The standard deviation of X is given
by
√

V (X).

Example 11: Expected Value of Special Random Variables
Let c ∈ R. Assume X(ω) = c for all ω ∈ Ω. Then E(X) = c.

Let A ⊆ Ω and define Y = IA where

IA(ω) =

{
1 if ω ∈ A,
0 otherwise.

Then E(Y ) = 1 · P (A) + 0 · P (Ā) = P (A).

It is possible to connect random variables on the same sample space Ω using
operations such as +, −, ·, etc. For instance, we define Z = X + Y as a
random variable on Ω by

Z(ω) = X(ω) + Y (ω) for all ω ∈ Ω.

The probability P (Z = z) = P (X + Y = z) is then well-defined since

P (Z = z) = P (ω ∈ Ω | Z(ω) = z) =
∑

ω∈Ω,X(ω)+Y (ω)=z

P ({ω}).

Moreover,

∑

z∈Z(Ω)

P (Z = z) =
∑

z∈Z(Ω)

∑

ω∈Ω,X(ω)+Y (ω)=z

P ({ω}) = P (Ω) = 1.

17

http://en.wikipedia.org/wiki/Expected_value
http://en.wikipedia.org/wiki/Variance
http://en.wikipedia.org/wiki/Standard_deviation


1.4. BASIC CONCEPTS OF PROBABILITY

Ω
X(Ω)

Z(Ω)

Y (Ω)

(ω1, ω2)

(ω̂1, ω̂2)

ω1

ω̂1

ω̂2

ω2

ω1+ω2

ω̂1+ω̂2

Figure 1.11: Sum of two random variables (rolling two dice).

Example 12: Rolling two dice
Assume that Ω = {1, 2, . . . , 6}2 and X,Y : Ω → R are such that, for
(ω1, ω2) ∈ Ω,

X(ω1, ω2) = ω1, Y (ω1, ω2) = ω2.

Then for Z = X + Y we have

Z(ω1, ω2) = X(ω1, ω2) + Y (ω1, ω2) = ω1 + ω2

and (see illustration in Fig. 1.11)

P (Z = z) =
∑

(ω1,ω2)∈Ω,

X(ω1,ω2)+Y (ω1,ω2)=z

P ({(ω1, ω2)}) =
∑

(ω1,ω2)∈Ω,
ω1+ω2=z

P ({(ω1, ω2)}).

Definition 6: Joint Probability Distribution
Let X,Y be discrete (real-valued) random variables on the same probability
space (Ω, 2Ω, P ). The function PX,Y : X(Ω) × Y (Ω) → [0, 1] with

PX,Y (a, b) := P (X = a ∧ Y = b) = P (X−1({a}) ∩ Y −1({b})).

is called the joint probability distribution of X and Y .

Definition 7: Independence of Random Variables
Let X,Y be discrete (real-valued) random variables on the same probability
space (Ω, 2Ω, P ). We call X and Y independent iff for all a ∈ X(Ω), b ∈
Y (Ω)

P (X = a | Y = b) = P (X = a).

(Or equivalently, X and Y are independent iff P (X = a∧ Y = b) = P (X =
a) · P (Y = b).)
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Example 13: Rolling two dice
Assume that X and Y are defined as in Example 12. Then X and Y are
independent, since for any a, b ∈ {1, . . . , 6},

P (X = a ∧ Y = b) = P (X−1({a}) ∩ Y −1({b}))
= P ({(ω1, ω2) ∈ Ω | ω1 = a} ∩ {(ω1, ω2) ∈ Ω | ω2 = b})
= P ({(a, b)}) = 1/36

and

P (X = a) · P (Y = b) = P (X−1({a})) · P (Y −1({b}))
= P ({(ω1, ω2) ∈ Ω | ω1 = a}) · P ({(ω1, ω2) ∈ Ω | ω2 = b})
= 6/36 · 6/36 = 1/36.

We are now able to state some properties of the expectation. Let X,Y be
discrete random variables on the same probability space and assume that
E(X) and E(Y ) exist. Then, for a, b ∈ R

1. E(X) =
∑

ω∈Ω X(ω)P ({ω}),

2. E(a · X + b) = a · E(X) + b,

3. E(X + Y ) = E(X) + E(Y ).

4. If X and Y are independent, then E(X · Y ) = E(X) · E(Y ).

Proof. (1.)

E(X) =
∑

x∈X(Ω)

x · P (X = x) (definition of E(X))

=
∑

x∈X(Ω)

x · P ({ω | X(ω) = x}) (definition of P (X = x))

=
∑

x∈X(Ω)

x ·
∑

ω∈Ω∧X(ω)=x

P ({ω}) (2nd axiom of Def. 1)

=
∑

ω∈Ω

X(ω)P ({ω}) (X is a function)

Proof. (2.) Let Z = a · X + b be a discrete random variable on the same
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probability space as X, such that Z(ω) = a · X(ω) + b. We now find:

E(a · X + b) = E(Z) (definition of Z)

=
∑

ω∈Ω

Z(ω)P ({ω}) (first property)

=
∑

ω∈Ω

(aX(ω) + b) · P ({ω}) (definition of Z)

= a
∑

ω∈Ω

X(ω) · P ({ω}) + b
∑

ω∈Ω

P ({ω}) (calculus)

= a
∑

ω∈Ω

X(ω) · P ({ω}) + bP (Ω) (2nd axiom of Def. 1)

= a
∑

ω∈Ω

X(ω) · P ({ω}) + b (1st axiom of Def. 1)

= a · E(X) + b (first property)

Proof. (3.) Let Z = X + Y be a discrete random variable on the same
probability space as X and Y , such that Z(ω) = X(ω) + Y (ω). We now
find:

E(X + Y ) = E(Z) (definition of Z)

=
∑

ω∈Ω

Z(ω)P ({ω}) (first property)

=
∑

ω∈Ω

(X(ω) + Y (ω)) · P ({ω}) (definition of Z)

=
∑

ω∈Ω

X(ω) · P ({ω}) +
∑

ω∈Ω

Y (ω) · P ({ω}) (calculus)

= E(X) + E(Y ) (first property)

Proof. (4.) Let Z = X · Y be a discrete random variable on the same
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probability space as X and Y , such that Z(ω) = X(ω) ·Y (ω). We now find:

E(X · Y )

= E(Z) (definition of Z)

=
∑

ω∈Ω Z(ω)P ({ω}) (first property)

=
∑

ω∈Ω X(ω) · Y (ω)P ({ω}) (definition of Z)

=
∑

x∈X(Ω)∧y∈Y (Ω) x · y ·∑ω∈Ω∧X(ω)=x∧Y (ω)=y P ({ω})
(X,Y are functions)

=
∑

x∈X(Ω)∧y∈Y (Ω) x · y · P ({ω | X(ω) = x ∧ Y (ω) = y})
(2nd axiom of Def. 1)

=
∑

x∈X(Ω)∧y∈Y (Ω) x · y · P (X = x ∧ Y = y)

(definition of P (. . .))

=
∑

x∈X(Ω)∧y∈Y (Ω) x · y · P (X = x) · P (Y = y)

(independence of X and Y )

=
∑

x∈X(Ω) x · P (X = x) ·∑y∈Y (ω) y · P (Y = y)

(calculus)

= E(X) · E(Y ) (definition of E(X), E(Y ))

We list the properties of the variance operator without proof: Let X,Y be
discrete random variables on the same probability space and assume that
E(X), E(Y ), VAR(X), and VAR(Y ) exist. Then

1. VAR(a · X + b) = a2 · VAR(X) for a, b ∈ R,

2. VAR(X + Y ) = VAR(X) + VAR(Y ) + 2 · (E(X · Y ) − E(X) · E(Y )).

3. If X and Y are independent, then VAR(X+Y ) = VAR(X)+VAR(Y ).

The definition of independent random variables can be extended to more
than two variables as follows.
Definition 8: Independence (of n discrete random variables)
For n ∈ N, let X1, . . . ,Xn be discrete (real-valued) random variables on the
same probability space (Ω, 2Ω, P ). We call X1, . . . ,Xn independent iff for all
a1 ∈ X1(Ω), . . . , an ∈ Xn(Ω)

P (X1 = a1, . . . ,Xn = an) = P (X1 = a1) · . . . · P (Xn = an).

Note that if X1, . . . ,Xn are independent, then

E(X1 · . . . · Xn) = E(X1) · . . . · E(Xn)
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and

VAR(X1 + . . . + Xn) = VAR(X1) + . . . + VAR(Xn).

Let us now consider some important distributions.

Example 14: Geometric Distribution
Consider an experiment where the probability of an event A is P (A) = p. We
repeat this experiment until A occurs for the first time. Let X be the random
variable that describes the number of trials until A occurs for the first time.
Then X is called geometrically distributed. We have P (X = i) = (1−p)i−1 ·p
and E(X) = 1/p. The variance of X is V (X) = (1 − p)/p.

Example 15: Poisson Distribution
Consider a call center where on average µ = 6 calls per minute arrive. Let X
be the random variable that represents the number of calls in the next minute

and assume P (X = k) = µk

k! e
−µ. Then X is called Poisson distributed and

has expectation

E(X) =

∞∑

k=0

k · µk

k!
e−µ = µe−µ

∞∑

k=1

µk−1

(k − 1)!
= µe−µeµ = µ

and variance V (X) = µ (without proof).

1.4.3 Continuous Random Variables

Consider a chance experiment where the sample space Ω contains uncount-
ably many elements. In this case, assigning probabilities to all elements in
2Ω poses problems. Assume, for instance, we randomly choose a real num-
ber in [0, 1]. If all numbers are equally likely to occur, we have to assign
probability zero to each since their “sum” must be one (note that the sum
over uncountably many nonzero values is undefined). Instead of giving a
new definition of probabilities, we restrict ourselves to a set of events, called
σ-algebra, for which we can define probabilities as in the discrete case.

If we define a random variable as a function X : Ω → R, we want to reason
about the probability of events such as X = x for any x ∈ R or a < X ≤ b
for any interval (a, b]. From the properties of probabilities (see Def. 1), we
then know the probability of the disjoint union of countably many of such
sets as well as the probability of the complement of such a set3.

Definition 9: σ-algebra
A set F ⊆ 2Ω is called a σ-algebra if

1. Ω ∈ F ,

2. A ∈ F implies Ā ∈ F .

3From the two conditions in Def. 1, one can easily derive that P (Ā) = 1− P (A).
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3. If A1, A2, . . . ∈ F is a sequence of sets then

A1 ∪ A2 ∪ . . . ∈ F .

The most important example of a σ-algebra, which is needed in the sequel,
is the σ-algebra that is generated by a set E ⊆ 2Ω. We define the smallest
σ-algebra that contains E by

σ(E) := ∩{F ⊃ E : F is a σ-algebra}.

Example 16: Generated σ-algebra
For simplicity, we consider the finite set Ω = {1, 2, . . . , 6}. Let E = {{2, 6},
{5, 6}}. Then

σ(E) = {{2, 6}, {5, 6}, {1, 3, 4, 5}, {1, 2, 3, 4}, {1, 2, 3, 4, 5}, {6}, . . .}.

If Ω is finite, the idea is to construct a sequence of sets in an iterative
fashion, where we start with E and obtain the next set from the previous
one by joining and complementing elements of the current set. If no new
element can be constructed by union or complement operations, the current
set equals σ(E).

Example 17: Borel σ-algebra
Assume Ω = R and E = {(a, b] : a, b ∈ R, a ≤ b}. The σ-algebra B := σ(E)
is called the Borel algebra on the reals. It contains all subsets, called Borel
sets, of 2R that can be obtained from E by countable union and complement
operations. Note that also intervals of the form (a, b) or [a, b] are Borel sets.
A similar contruction is possible for Ω = R

n. Intuitively, the Borel sets are
those sets, for which we can assign a “volume”, “area” or “size”. Subsets of
R

n that are not Borel sets are only of theoretical interest since for practical
applications they are not of importance.

We are now able to give a more general definition of a probability space (i.e.
also for sample sets with uncountably many elements).

Definition 10: Probability Space
Let Ω be a nonempty set and let F ⊆ 2Ω be a σ-algebra. A probability space
is a triple (Ω,F , P ) where the probability measure P : F → [0, 1] is such
that

• P (Ω) = 1 and,

• if A1, A2, . . . ∈ F is a sequence of pairwise disjoint sets, then

P (A1 ∪ A2 ∪ . . .) = P (A1) + P (A2) + . . . .
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Example 18: Discrete Probability Space
Any discrete probability space (Ω, 2Ω, P ) fulfils Def. 10, since 2Ω is a σ-
algebra and P is as in Def. 1.

Example 19: One-dimensional Interval
Let Ω = R, F = B and 0 ≤ a < b, a, b ∈ R. Consider a probability measure
P : F → [0, 1] such that

P ({ω ∈ Ω | x < ω ≤ y}) =

{
min(y,b)−max(x,a)

b−a if max(x, a) < min(y, b)

0 otherwise.

Similar to how we extended the set E = {(a, b] : a, b ∈ R, a ≤ b} to a σ-
algebra, we can show that if P is a probability measure and defined as above
for all half-open intervals, its value for the remaining sets in B is uniquely
determined.

Definition 11: Real-valued Random Variable
Let (Ω,F , P ) be a probability space. A real-valued random variable on (Ω,F , P )
is a function X : Ω → R such that for all A ∈ B

X−1(A) = {ω ∈ Ω | X(ω) ∈ A} ∈ F .

A

Ω X(Ω)

ω1

ω3

ω2

X

X

Figure 1.12: Is the inverse image of A
w.r.t. X an element of F?.

The above definition ensures
that if we want to know the
probability that X is in some
Borel set A, we can consider the
inverse image of A with respect
to X, for which we know its
probability.
Clearly, we can define a proba-
bility measure PX : B → [0, 1]
by setting PX(A) := P ({ω | X(ω) ∈ A}) = P (X−1(A)) and use similar
notations as in the discrete case (e.g. P (a < X ≤ b)).
Definition 12: Cumulative Probability Distribution
Let X be a real-valued random variable on (Ω,F , P ). The function F : R →
[0, 1] with x 7→ F (x) := P (X ≤ x) is called the cumulative probability distribution
of X.

Example 20: One-dimensional Interval
Assume that X is a randomly chosen point in the interval [a, b] and (Ω,F , P )
is as in Ex. 19. Then

F (y) = P (X ≤ y) =





y−a
b−a if y ∈ [a, b],

1 if y > b,

0 otherwise.
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ba

1
b−a

f(y)

y
ba

1

F (x)

x

Figure 1.13: Density and cumulative probability distribution of a random
variable X.

We call a random variable X on (Ω,F , P ) discrete if X(Ω) is a discrete
set (finite or countably infinite). We call X continuous if X(Ω) contains
uncountably many elements and there exists a non-negative and integrable
function f : R → R≥0, called density , with

F (x) = P (X ≤ x) =

∫ x

−∞
f(y) dy.

Clearly, ∫ ∞

−∞
f(y) dy = 1

since F (∞) = 1, but note that P (X = y) 6= f(y).
Example 21: One-dimensional Interval
Assume that X is as in Ex. 20. Then X is a continuous random variable
since the (constant) function f with

f(y) =

{
1

b−a if y ∈ [a, b],

0 otherwise.

is the density of X. We can verify this by calculating

F (x) =

∫ x

−∞
f(y) dy =

∫ x

a

1

b − a
dy =

[
y

b − a

]x

a

=
x − a

b − a
= P (X ≤ x)

for x ∈ [a, b], F (x) = 0 for x < a, and F (x) = 1 for x > b. Figure 1.13
shows a plot of the functions f and F .

The expectation and variance of a continuous random variable X with den-
sity f are defined as

E(X) =

∫ ∞

−∞
x · f(x) dx and V (X) =

∫ ∞

−∞
(x − E(X))2 · f(x) dx.
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Note that these integrals may not exist, in which case the expectation/variance
is undefined.

Example 22: Exponential Distribution
Let λ > 0. We say that a continuous random variable X is exponentially
distributed with parameter λ if the density of X is such that, for t ∈ R,

f(t) =

{
λ · e−λt if t ≥ 0,

0 otherwise.

The cumulative probability distribution of X is then given by

F (x) =

{ ∫ x
−∞ f(t) dt =

∫ x
0 λ · e−λt dt = 1 − e−λx if t ≥ 0,

0 otherwise.

Many results for discrete random variables carry over to the continuous set-
ting. For instance, properties of the expectation and variance (e.g. E(X +
Y ) = E(X) + E(Y )) or results concerning the connection of random vari-
ables, joint distributions, stochastic independence, etc. We do not discuss
them here, as they are very similar to the results presented above. Moreover,
in the sequel, we will mostly work with discrete random variables.

1.5 Stochastic Chemical Kinetics

Consider a reaction volume with chemical species S1, . . . , SN and chemical
reaction types R1, . . . , RM . We assume that each reaction is elementary
and that we never have more than two reactants (bimolecular). Note that
both assumptions are harmless since we can describe any other reaction as
the composition of elementary bimolecular reactions. Moreover, collisions
between three or more molecules are extremely rare.

An ideal model of the time evolution of the system would track the exact
positions and velocities of all molecules. Whenever molecules collide, chemi-
cal reactions may occur. Unfortunately, such a model is infeasible for nearly
all systems. Moreover, the data that is available about the system is not
detailed enough.

As a more abstract model, we assume the positions and velocities are given
by probability distributions. For the positions we assume that the reaction
volume is well-stirred, which means that the molecules are uniformly dis-
tributed over the reaction volume. For the velocities we assume that the
reaction volume is in thermal equilibrium. The velocity of a single molecule
is then given by the Maxwell-Boltzmann distribution. Since the position and
velocity of each molecule is now known we have that the number of molecules
of each species is enough information to predict the future behavior of the
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system. That is, given a vector (#S1, . . . ,#SN ) for the populations at time
instant t, we can determine the populations at a later time instant t + ∆.
Under these assumptions molecules collide randomly and chemical reactions
will occur at random points in time. Thus, we can define a chance ex-
periment whose outcomes are functions ω : R≥0 → Z

N
+ such that ω(t) =

(x1, . . . , xN ) is the population vector at time t ≥ 0. The state of the system
at time t can then be represented by a vector of random variables (random
vector)

~X(t) = (X
(t)
1 , . . . ,X

(t)
N ),

Ω Z
N
+

ω′

ω

~x′ = X(t′)(ω′)

~x = X(t)(ω)
~X(t′)

~X(t)

Figure 1.14: Mapping outcomes to states.

where, for 1 ≤ i ≤
N , X

(t)
i represents the

number of molecules of
species Si at time t.
Note that ~X(t) is a
discrete random vec-
tor, since the number
of possible values is a
subset of the countable
set Z

N
+ . On the other hand, we have uncountably many random vectors

(since time is continuous) that are all defined on the same probability
space (Ω,F , P ). Such a collection ( ~X(t))t≥0 of random variables (or ran-
dom vectors) is called a stochastic process and we simply write ~X instead of
( ~X(t))t≥0. In the sequel we will see that we are dealing with a special case
of a stochastic process. First of all, the co-domain Z

N
+ = {0, 1, . . .}N , called

state space, is countable. Moreover, for ω ∈ Ω, the functions t 7→ ~X(t)(ω),
called trajectories, have a simple jump form as illustrated in Fig. 1.1. Each
“jump” corresponds to the occurrence of a chemical reactions. Since ~X(t)

represents the state of the system at time t, we have ~X(t)(ω) := ω(t), that
is, given an outcome ω, the random vector ~X(t) projects ω onto the value of
ω at time t (see Fig. 1.14). Note that we can also define Ω in a way that ω(t)
contains more information than only the population numbers. For instance,
it could also contain information about the velocities and locations of the
molecules. In the sequel, however, we always assume that ~X(t)(ω) is the
population vector at time t (and does not contain further information) and
do not specify Ω in detail.
Example 23: Gene Expression
Consider the following four reactions:

∅ → mRNA
mRNA → mRNA + protein
mRNA → ∅
protein → ∅

The associated Markov chain has state space Z
2
+ and an outcome is a func-
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tion ω : R≥0 → Z
2
+ such that, if ω(t) = (ω1(t), ω2(t)), on the trajectory

t 7→ ~X(t)(ω) the number of mRNA molecules at time t is X
(t)
1 (ω) = ω1(t)

and the number of protein molecules at time t is X
(t)
2 (ω) = ω2(t).

1.5.1 Transition Probabilities

Assume that the process ~X is in state ~x ∈ Z
N
+ at time t, i.e. we consider the

set “ ~X(t) = ~x”={ω | ω(t) = ~x} of outcomes where ~X is in state ~x at time t.
The process is in state ~y at time t + ∆ with probability

P
(

~X(t+∆) = ~y | ~X(t) = ~x
)

.

We call the above values transition probabilities. Clearly, we have

∑
~y∈ ~X(t+∆)(Ω) P

(
~X(t+∆) = ~y | ~X(t) = ~x

)

= 1
P( ~X(t)=~x)

∑
~y P
(

~X(t+∆) = ~y, ~X(t) = ~x
)

= 1
P( ~X(t)=~x)

∑
~y P ({ω | ω(t + ∆) = ~y, ω(t) = ~x})

= 1
P( ~X(t)=~x)

P ({ω | ω(t) = ~x})

= 1
P( ~X(t)=~x)

P
(

~X(t) = ~x
)

= 1.

Since in the abstract model the species’ populations at time t is enough
information to predict the future evolution of the system, we have for all
∆ > 0, t ≥ 0, t0, t1, . . . tn ∈ [0, t) with t0 < . . . < tn and ~x, ~x0, . . . , ~xn ∈ Z

N
+ ,

P
(

~X(t+∆) = ~y | ~X(t) = ~x, ~X(tn) = ~xn, . . . , ~X(t0) = ~x0

)

= P
(

~X(t+∆) = ~y | ~X(t) = ~x
)

.

This relationship is called the Markov property , named after the Russian
mathematician A.A. Markov.
Note that we cannot determine the probability P ( ~X(t) = ~x) without a base
case for the recursion that is given by the transition probabilities, i.e.,

P ( ~X(t) = ~x)

=
∑

~xn
P
(

~X(t) = ~x | ~X(tn) = ~xn

)
· P ( ~X(tn) = ~xn)

=
∑

~xn,~xn−1
P
(

~X(t) = ~x | ~X(tn) = ~xn

)
· P
(

~X(tn) = ~xn | ~X(tn−1) = ~xn−1

)

·P ( ~X(tn−1) = ~xn−1)

= . . .
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In order to uniquely determine the probability measure P , we assume that
P ( ~X(0) = ~x0) is given for all x0 ∈ Z

N
+ , that is, we fix the distribution at

time t = 0 (and therefore the distributions for all remaining time points are
also fixed)4.

X
(t)
1 (ω)

t

Figure 1.15: State changes occur
at discrete points in time.

Change Vectors. Recall that each
“jump” of a trajectory t 7→ ~X(t)(ω) cor-
responds to the occurrence of a chem-
ical reaction. For instance, a possible
trajectory for the system in Ex. 23 may
be the function illustrated in Fig. 1.15
(where we only plot the first compo-
nent of ~X(t)(ω), that is, the number of
mRNA molecules).
The effect of the occurrence of a chem-
ical reaction of type Rj, 1 ≤ j ≤ M is given by the vector of change
~vj ∈ {−2,−1, 0, 1, 2}N of Rj. The i-th entry is the difference between

the number of molecules of species Si gained by Rj and the number of
molecules of species Si consumed by Rj .

Example 24: Gene Expression
The change vectors of the four reactions of the gene expression example are
given by

R1 : ∅ → mRNA ~v1 = (1, 0),
R2 : mRNA → mRNA + protein ~v2 = (0, 1),
R3 : mRNA → ∅ ~v3 = (−1, 0),
R4 : protein → ∅ ~v4 = (0,−1).

Thus, if ~x is the current state of the system and an instance of reaction Rj

occurs, the next state will be ~x + ~vj .

Reactant Combinations. We consider the number of possibilities to
combine the reactants of a certain reaction if the current state is ~x =
(x1, . . . , xN ). If the reaction is of the form Si → products there are xi

reactants in the system, which yields xi different possible instances of the
reaction. If the reaction is of the form Si + Sk → products , i 6= k, there are
xi ·xk different ways to combine the reactants. In the case of 2Si → products ,
there are

(xi

2

)
= 0.5 · xi · (xi − 1) possible combinations of two molecules of

type Si. Finally, for ∅ → products , there is only one possible instance of the
reaction.

4Often we will start with probability one in a single state, i.e. P ( ~X(0) = ~x0) = 1 for
some state x0.
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Infinitesimal Transition Probabilities. Assume now that [t, t+∆) is an
infinitesimal time interval, that is, it “small enough” such that the probabil-
ity of more than one state change within [t, t + ∆) is negligible (disappears
in the limit). The fundamental premise of stochastic chemical kinetics is
that the probability of a type Rj reaction within the next ∆ time units is
proportional to the product of the number of reactant combinations and ∆,
that is, there exists a constant cj > 0 such that

P
(

~X(t+∆) = ~x + ~vj | ~X(t) = ~x
)

= cj · #reactant combinations · ∆.

Thus, for a fixed combination of reactants, the infinitesimal transition proba-
bility is cj ·∆. Note that we assume here that all change vectors are different,
but the above equation is easily extended to the case where change vectors
can be identical.

Stochastic Reaction Rate Constant. The above constant cj is called
stochastic reaction rate constant and its existence is guaranteed by physical
theory [Gil92]. Consider a bimolecular reaction. The value cj · ∆ is the
probability that a fixed pair of reactants collide and that they then undergo
a reaction (because a sufficient amount of activation energy is available). For
a unimolecular reaction (only one reactant), it is the probability that a fixed
reactant molecule undergoes the reaction. The constant cj depends on the
microphysical properties of the reactant species, but also on the temperature
and the volume, which may change in time. In the sequel, we assume for
simplicity that the temperature and the volume of the system are fixed5.
Thus, the infinitesimal transition probability

P
(

~X(t+∆) = ~x + ~vj | ~X(t) = ~x
)

= cj · #reactant combinations · ∆.

depends on

• the reaction rate constant cj of reaction Rj,

• the current state ~x, which gives the number of reactant combinations,

• the time step ∆ (but not on the absolute time t).

Let αj be the function that calculates the product cj ·#reactant combinations,
that is, for a state ~x = (x1, . . . , xn) and a reaction Rj of the form

• Si + Sk → products , i 6= k, we have αj(~x) = cj · xi · xk,

• Si → products , we have αj(~x) = cj · xi,

5Most concepts that we develop in the sequel will be easily extendable to time-
dependent stochastic reaction rate constants.
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• 2Si → products , we have αj(~x) = cj · xi · (xi − 1) · 0.5,

• ∅ → products , we have αj(~x) = cj .

Example 25: Gene Expression
The propensity functions α1, . . . , α4 of the four reactions of the gene expres-
sion example are such that for a state ~x = (x1, x2) (where x1 refers to the
number of mRNA molecules and x2 to the number of proteins),

R1 : ∅ → mRNA α1(x1, x2) = c1,
R2 : mRNA → mRNA + protein α2(x1, x2) = c2 · x1,
R3 : mRNA → ∅ α3(x1, x2) = c3 · x1,
R4 : protein → ∅ α4(x1, x2) = c4 · x2.

The stochastic process ( ~X(t))t≥0 is called a Markov chain , because of the
Markov property (“Markov”) and the fact that the state space is discrete
(“chain”)6. Here, time is continuous and continuous-time Markov chains
should not be confused with discrete-time Markov chains, where t = 0, 1, . . ..
Moreover, X is time-homogeneous, which means that the infinitesimal tran-
sition probabilities are the same for all time instances t, i.e. they only depend
on the length ∆ of the time interval but not on the current time instant t.

1.5.2 Chemical Master Equation

Our aim is now to derive an expression for the probabilities

P ( ~X(t) = ~x) =
∑

~y∈ZN
+

P
(

~X(t) = ~x | ~X(0) = ~y
)
· P ( ~X(0) = ~y)

where the initial values P ( ~X(0) = ~y), y ∈ Z
N
+ are given, as well as the

propensity functions α1, . . . , αM . For an infinitesimal time step of length ∆,
we have

P ( ~X(t+∆) = ~x) =

stayed in ~x (no reaction)︷ ︸︸ ︷
P
(

~X(t+∆) = ~x | ~X(t) = ~x
)
· P ( ~X(t) = ~x)

+
M∑

j=1,
~x−~vj≥0

P
(

~X(t+∆) = ~x | ~X(t) = ~x − ~vj

)
· P ( ~X(t) = ~x − ~vj),

︸ ︷︷ ︸
in ~x − ~vj at time t and reaction Rj occured

6Sometimes the term “Markov process” is used.
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which is equivalent to

P ( ~X(t+∆) = ~x) =

stayed in ~x (no reaction)︷ ︸︸ ︷

(1 −
M∑

j=1

αj(~x) · ∆) · P ( ~X(t) = ~x)

+
M∑

j=1,
~x−~vj≥0

αj(~x − ~vj) · ∆ · P ( ~X(t) = ~x − ~vj).︸ ︷︷ ︸
in ~x − ~vj at time t and reaction Rj occured

Thus, we obtain

d
dtP ( ~X(t) = ~x) = lim

∆→0

P ( ~X(t+∆)=~x)−P ( ~X(t)=~x)
∆

= −
M∑

j=1
αj(~x) · P ( ~X(t) = ~x)

+
M∑

j=1,
~x−~vj≥0

αj(~x − ~vj) · P ( ~X(t) = ~x − ~vj).

(1.6)

x
~x − ~v1

~x − ~v2 α2(~x − ~v2)

α1(~x − ~v1) α2(~x)

α1(~x)

Figure 1.16: Inflow and outflow of
probability.

The differential equation above is
called the Chemical Master Equa-
tion (CME). Note that we get an
equation for every state ~x ∈ Z

N
+

and these differential equations are
coupled since the derivative on the
right side requires the probability
P ( ~X(t) = ~x−~vj) of state ~y = ~x−~vj.
If we combine, for a particular reaction system, the chemical master equa-
tion for every state then we have a system of coupled linear ODEs where the
variables are the probabilities to be in each state of the system, P ( ~X(t) = ~x).
Given an initial probability distribution, the solution of the CME are the
probabilities P ( ~X(t) = ~x) for all states x. In general, the CME may not have
a unique solution. The reason is that the differences of the jump times of
the process become smaller and smaller and the system “explodes”7. Since
such pathological cases are only of theoretical interest, we assume that all
systems that we consider in the sequel have a unique solution. Moreover,
as long as the propensities are of the form described above, the CME will
always have a unique solution.
The intuitive meaning of the CME is that the derivative of the probability
of state x is the difference between the “inflow of probability” and the “out-
flow of probability” per time unit. The states are seen as nodes in a flow
network and their probability is the amount of fluid, which moves through
the network according to the propensities (see Fig. 1.16).

7This may happen, if, for instance, the propensities grow exponentially in the state
variables.
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1.5.3 Expected Populations

Consider the expectation E
(

~X(t)
)

of the random vector ~X(t). The i-th entry
denotes the expected number of molecules of type Si at time t. Recall that

E
(

~X(t)
)

=
∑

~x∈ZN
+

~x · P ( ~X(t) = ~x)

Fig. 1.17 illustrates the solution of the CME for the enzyme reaction (see
Ex. 1) with initial condition P ( ~X(0) = (10, 10, 0, 0)).
In the sequel, we will exploit the relationship

d
dtE

(
f( ~X(t))

)
=

∑
~x∈ZN

+

f(~x) · d
dtP ( ~X(t) = ~x)

=
M∑

j=1
E
(
αj( ~X(t)) · (f( ~X(t) + ~vj) − f( ~X(t)))

)
,

(1.7)

where f : Z
N
+ → R

N is a function that is independent of t. As a special case,
we obtain

d
dtE

(
~X(t)

)
=

M∑
j=1

~vj · E
(
αj( ~X(t))

)
, (1.8)

which means that each reaction contributes to the change of the expectation
with the product of the expected propensity and the change vector. The
expected propensity of reaction Rj is given by

E
(
αj( ~X(t))

)
=





cj if αj(~x) = cj ,

cj · E
(
X

(t)
i

)
if αj(~x) = cj · xi,

cj · E
(
X

(t)
i · X(t)

k

)
if αj(~x) = cj · xi · xk,

1
2cj ·

(
E
(
(X

(t)
i )2

)
− E

(
X

(t)
i

))
if αj(~x) = 1

2cj · (x2
i − xi).

Since we get a new equation for all expectations involving the product of
two random variables (third and fourth case, i.e., whenever αj is not linear
in the elements of ~x), which again involve expectations for which we get new
equations, this leads to an infinite series of differential equations. However,
if all propensity functions αj are linear (first and second case, i.e., at most
one reactant molecule), the equation can be simplified to

d

dt
E
(

~X(t)
)

=
M∑

j=1
~vj · αj

(
E
(

~X(t)
))

,

where we used the second property of the expectation (see page 19). This
gives a system of differential equations, which is identical to the reaction rate
equations except that we consider populations instead of concentrations. In
general, however, the solution of the reaction rate equations is different from
the average populations of the Markov chain.

33



1.5. STOCHASTIC CHEMICAL KINETICS

0 2 4 6 8 10
0

1

2

3

4

5

6

number of protein molecules

nu
m

be
r 

of
 c

om
pl

ex
 m

ol
ec

ul
es

 

 

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

Figure 1.17: Solution of the CME for the enzyme reaction at time t = 0.44.
Expected populations of P and C molecules are depicted in red.

Example 26: Expectation of the Gene Expression Example
Consider the gene expression example (see Ex. 23). Assume that E

(
~X(0)

)
=

(0, 0). We compute E
(

~X(t)
)

for t > 0 by solving

d
dtE

(
~X(t)

)
=

M∑
j=1

~vj · E
(
αj( ~X(t))

)

=
4∑

j=1
~vj · αj

(
E
(

~X(t)
))

= (1, 0) · c1 + (0, 1) · c2 · E
(
X

(t)
1

)

+(−1, 0) · c3 · E
(
X

(t)
1

)
+ (0,−1) · c4 · E

(
X

(t)
2

)
.

The ODE can be simplified to

d
dtE
(
X

(t)
1

)
= c1 − c3 · E

(
X

(t)
1

)

d
dtE
(
X

(t)
2

)
= c2 · E

(
X

(t)
1

)
− c4 · E

(
X

(t)
2

)
.

Let us now convert Eq. 1.8 from populations to concentrations. Assume
that V ∈ R>0 is the volume (in liters). Choosing f(~x) = ~x · V −1 in Eq. 1.7
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yields

d
dtE

(
f( ~X(t))

)
=

M∑
j=1

E
(
αj( ~X(t)) · (f( ~X(t) + ~vj) − f( ~X(t))))

)

=
M∑

j=1
~vj · E

(
V −1 · αj( ~X(t))

)
.

If ~Y (t) := f( ~X(t)) = ~X(t) · V −1 represents the concentrations of all species
at time t,

d

dt
E
(
~Y (t)

)
=

M∑
j=1

~vj · E
(
V −1 · αj(V · ~Y (t))︸ ︷︷ ︸

=:βj(~Y (t))

)
. (1.9)

For j ∈ {1, 2, . . . ,M}, ~y = (y1, . . . , yN ) ∈ R
N
+ , let βj : R

N
+ → R+ be the

function with V · βj(~y) = αj(V · ~y), that is8,

βj(~y) = V −1·αj(V ·~y) =





V −1 · cj if αj(~x) = cj ,
cj · yi if αj(~x) = cj · xi,
V · cj · yi · yk if αj(~x) = cj · xi · xk,
1
2cj · yi · (V · yi − 1) if αj(~x) = 1

2cj · xi · (xi − 1).

As before, we can simplify Eq. 1.9 to

d

dt
E
(
~Y (t)

)
=

M∑
j=1

~vj · βj

(
E
(
~Y (t)

))
, (1.10)

which equals the reaction rate equations with reaction rate constants

kj =

{
V −1 · cj if αj(~x) = cj ,
cj if αj(~x) = cj · xi.

In the general case, however, (not all functions βj are necessarily linear) it
can be shown that the ODE

d

dt
~z(t) =

M∑

j=1

~vj · βj(~z
(t))

approximates the values E
(
~Y (t)

)
(with initial condition ~z(0) = E

(
~Y (0)

)
).

As molecule numbers and volume approach infinity this approximation is
shown to be exact [Kur72]. Note that for reactions of the form 2Si → . . .,
we approximate βj(~y) = 1

2cj ·yi ·(V ·yi−1) ≈ 1
2cj ·V ·y2

i since V ·yi−1 ≈ V ·yi

if the population of Si is large.

8Note that we can safely extend the domain of αj from Z
N
+ to R

N
+ .
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1.6 Summary

We have discussed two approaches for the analysis of biochemical reaction
networks. For the approach based on reaction rate equations we assume
that the concentrations of the chemical species change continuously and
deterministically in time. This gives us a system of (non-linear) differential
equations, whose solution are the concentrations of the species as a function
in time. The approach using the chemical master equation is based on a
stochastic description that considers populations of chemical species that
change at discrete points in time. Our motivation for the latter approach
is that even in genetically identical cell populations with equal amounts of
cellular components, the outcomes of certain experiments can be different
due to intrinsic noise.
The stochastic model assumes random collisions between molecules that may
change the populations of the species. The populations are represented by
the random vector ~X(t) whose i-th entry represents the number of molecules
of type Si at time t. Given an initial population ~x0 and a propensity function
αj for each reaction Rj, j ∈ {1, . . . ,M}, the probabilities P ( ~X(t) = ~x) are
given by the solution of the chemical master equation (see Eq. 1.6). The state
space of the stochastic model can be extremely large, e.g., if we start in the
case of the enzyme example (Ex. 1) with 500 enzymes and 500 substrates, the
number of reachable states is 125751. Thus, the CME would have 125751
equations in this case. For other examples, such as the gene expression
example (see Ex. 23), the number of reachable states is even infinite. If
the populations of the chemical species are large, we can approximate the
expected concentrations with the solution of the reaction rate equations. For
systems, where certain species occur with small populations, we can resort
to stochastic simulation, which is the topic of the next chapter.
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Chapter 2

Stochastic Simulation

2.1 Introduction

Since a numerical solution of the chemical master equation is in most cases
computationally very expensive or even infeasible, in this chapter we present
an alternative way to analyse Markov chains that describe networks of bio-
chemical reactions. The idea is to generate trajectories of the Markov chain
by using pseudo random numbers. Once enough trajectories are generated,
we use arguments from statistics to estimate probabilities of certain events.

In Markov chain theory, the generation of trajectories is called Monte-Carlo
simulation. For coupled chemical reactions, however, this approach is usu-
ally referred to as stochastic simulation or Gillespie simulation .

2.2 Trajectory Generation

Consider a Markov chain with state space Z
N
+ that describes the dynamics of

a network of M biochemical reactions with N molecular species and assume
that x0 is the initial state of the system1. In order to generate a prefix of
a trajectory t 7→ ~X(t)(ω), that is, values X(t)(ω) during a certain interval
[0, h], we need to know

a) the distribution of the time that the process remains in a state once
that state is entered,

b) the probability that, for j ∈ {1, 2, . . . ,M}, if the current state is x,
the next state is x + vj , which means that reaction Rj occurred.

The random variables that correspond to the distributions mentioned in
case a) are called residence times. We refer as jump probabilities to the
probabilities mentioned in case b).

1We omit the vector notation in the sequel and simply write x instead of ~x and X
instead of ~X, etc.
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2.2. TRAJECTORY GENERATION

2.2.1 Residence Times

X(t)(ω)

t
T0(ω) T1(ω) T2(ω) h

Figure 2.1: Jump times T0, T1, . . .

For the continuous-time Markov chain
(X(t))t≥0 on a sample space Ω we de-
fine jump times T0(ω) = 0 and, for
n = 0, 1, . . .,

Tn+1(ω)

= inf{t ≥ Tn(ω) | X(t)(ω) 6= X(Tn)(ω)},

where ω ∈ Ω and Tn+1(ω) = ∞ if
X(t)(ω) = X(Tn)(ω) for all t > Tn(ω).
Note that Tn is a random variable with
Tn : Ω → R≥0 ∪ {∞}.
Next we define the sequence of residence times of X as D0(ω) = 0 for all
ω ∈ Ω and, for n = 0, 1, . . .,

Dn+1 = Tn+1 − Tn,

where we assume that ∞− x = ∞ if x ∈ R.

After n jumps, process X is in state X(Tn) and remains there for Dn+1 time
units.

Let us now consider the probability to remain longer than s time units in
state x. It holds that

P (Dn+1 > s | X(Tn) = x) = P (D1 > s | X(0) = x),

since the transition probabilities of X are independent of t. For an infinites-
imal time interval [s, s + ∆),

P (D1 > s + ∆ | X(0) = x)

= P (D1 > s + ∆,D1 > s | X(0) = x)

= P (D1 > s + ∆ | D1 > s,X(0) = x) · P (D1 > s | X(0) = x)

= (1 −
M∑

j=1

αj(x) · ∆)

︸ ︷︷ ︸
no reaction within [0,∆]

·P (D1 > s | X(0) = x).

Note that we used the Markov property in the last step of the above equation.
The probability of no reaction within [0,∆] is independent of the fact that
the process already remained s time units in state x. For the derivation we
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2.2. TRAJECTORY GENERATION

get
d
dsP (D1 > s | X(0) = x)

= lim
∆→0

P (D1>s+∆|X(0)=x)−P (D1>s|X(0)=x)
∆

= −
∑M

j=1
αj(x)

︸ ︷︷ ︸
=:α0(x)

·P (D1 > s | X(0) = x).

Since P (D1 > 0 | X(0) = x) = 1, the differential equation has the solution

P (D1 > s | X(0) = x) = e−α0(x)·s,

which means that the distribution of the residence time in state x is negative
exponential with parameter

∑M

j=1
αj(x) = α0(x).

Note that the exponential distribution has the memoryless property, that
is, for an exponentially distributed random variable D, t, s ∈ R>0

P (D ≤ s + t | D > t) = P (D ≤ s).

An alternative way to prove that the residence times of X are exponentially
distributed is to derive the memoryless property of the residence times from
the Markov property. Then one can exploit the fact that the exponential
distribution is the only continuous distribution having the memoryless prop-
erty.

2.2.2 Number of Jumps

Let us now consider the distribution

P (A(t) = l | X(0) = x), l = 0, 1, . . .

of the random variable A(t), which represents the number of jumps of X
within [0, t]. For instance, in Fig. 2.1, A(h, ω) = 2. For l = 0, we get

P (A(t) = 0 | X(0) = x) = P (D1 > t | X(0) = x) = e−α0(x)t

= 1 − α0(x)t + (α0(x)t)2

2! − (α0(x)t)3

3! + . . .

= 1 − α0(x)t + o(t),

where o(t) is a function such that o(0) = 0 and limt→0 o(t)/t = 0. For l ≥ 1,
we get

P (A(t) ≥ 1 | X(0) = x) = 1 − P (A(t) = 0 | X(0) = x)

= α0(x)t − o(t).
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In a similar way, it can be shown that2 P (A(t) ≥ 2 | X(0) = x) = o(t).
Thus,

P (A(t) = 1 | X(0) = x) = 1 − P (A(t) = 0 | X(0) = x)

−P (A(t) ≥ 2 | X(0) = x)

= α0(x)t + o(t).

2.2.3 Jump Probabilities

With the above preparation, we can now consider the probability that, if the
current state is x, the next state is x+ vj, that is, reaction Rj occurred. For
this we define for the given Markov chain X the embedded process (Zn)n∈Z+

by

Zn = X(Tn).

Thus, if on the trajectory X(t)(ω) the process visits the states X(T0(ω))(ω) =
x0, X(T1(ω))(ω) = x1, . . . , then Z0(ω) = x0, Z1(ω) = x1, . . . .

The stochastic process Z has the Markov property since for all n, k ∈ Z+,
x, y, x0, x1, . . . , xn−1 ∈ Z

N
+ ,

P (Zn+k = y | Zn = x,Zn−1 = xn−1, . . . , Z0 = x0)

= P (X(Tn+k) = y | X(Tn) = x,X(Tn−1) = xn−1, . . . ,X
(T0) = x0)

= P (X(Tn+k) = y | X(Tn) = x)

= P (Zn+k = y | Zn = x),

where we used the Markov property of X. Therefore, (Zn)n∈Z+ is called
discrete-time Markov chain. Note that time is discrete for Z because n ∈ Z+.
Next we are interested in the transition probabilities P (Zn+1 = y | Zn =
x). Obviously, they do not depend on n since the infinitesimal transition
probabilities of X do not depend on t. More precisely,

P (Zn+1 = y | Zn = x) = P (X(Tn+1) = y | X(Tn) = x)

= P (X(T1) = y | X(T0) = x) = P (Z1 = y | Z0 = x).

Now consider, for a state x with α0(x) > 0,

P (X(t+∆) = x + vj | X(t) = x) = P (X(∆) = x + vj | X(0) = x)

= P (Z1 = x + vj, A(∆) = 1 | Z0 = x)

= P (Z1 = x + vj | A(∆) = 1, Z0 = x) · P (A(∆) = 1 | X(0) = x)

= P (Z1 = x + vj | Z0 = x) · P (A(∆) = 1 | X(0) = x).

2We write o(t) for any function with o(0) = 0 and limt→0 o(t)/t = 0.
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We divide by ∆ and get, for ∆ → 0,

lim∆→0(1/∆ · P (X(t+∆) = x + vj | X(t) = x))

= P (Z1 = x + vj | Z0 = x) · lim∆→0(1/∆ · P (A(∆) = 1 | X(0) = x)).

From Section 1.5.1 we know that

P (X(t+∆) = x + vj | X(t) = x) = αj(x) · ∆ + o(∆),

where o(∆) accounts for the probability of more than one reaction during
[0,∆). For the number of jumps we found that

P (A(∆) = 1 | X(0) = x) = α0(x) · ∆ + o(∆).

Thus, the combination yields

lim
∆→0

αj(x) · ∆ + o(∆)

∆
= P (Z1 = x + vj | Z0 = x) · lim

∆→0

α0(x) · ∆ + o(∆)

∆
.

Since lim∆→0
o(∆)
∆ = 0 we get

αj(x) = P (Z1 = x + vj | Z0 = x) · α0(x)

⇐⇒ P (Z1 = x + vj | Z0 = x) =
αj(x)
α0(x) .

This means that, in state x, reaction Rj is selected with a probability equal
to its fraction αj(x) of the total propensity α0(x). For the case α0(x) = 0
there are no reactions possible in state x. So if α0(x) = 0 then P (Z1 = x |
Z0 = x) = 1 and P (Z1 = y | Z0 = x) = 0 for states y 6= x.
Example 27: Enzyme Reaction
Consider the enzyme reaction

E + S
c1−−⇀↽−−
c2

C
c3−−→ E + P

and assume c1 = c2 = c3 = 1. If x = (3, 2, 1, 0), that is, we have three
enzyme molecules, two substrates, one complex molecule, and zero proteins,
then reaction E + S → C occurs with probability

P (Z1 = (2, 1, 2, 0) | Z0 = x) =
α1(x)

α0(x)
=

3 · 2
8

,

reaction C → E + S occurs with probability

P (Z1 = (4, 3, 0, 0) | Z0 = x) =
α2(x)

α0(x)
=

1

8
,

and reaction C → E + P occurs with probability

P (Z1 = (4, 2, 0, 1) | Z0 = x) =
α3(x)

α0(x)
=

1

8
.
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2.2.4 Algorithm

The algorithm that is used to generate a prefix of a trajectory t 7→ ~X(t)(ω)
takes as input

• the time horizon h of interest,

• propensity functions α1, . . . , αM ,

• change vectors v1, . . . , vM ,

• an initial state x0 ∈ Z
N
+ .

It performs the following steps:

1. Initialize time t := 0 and state x := x0.

2. Store x and t.

3. Draw an exponentially distributed pseudo random number τ for pa-
rameter −α0(x) = −∑M

j=1 αj(x) and update t = t + τ .

4. Draw a pseudo random number j according to the discrete distribution

α1(x)

α0(x)
, . . . ,

αM (x)

α0(x)

and update x = x + vj .

5. If t < h goto step 2 else stop.

It is important to note that a single trajectory provides only very little
information since we do not know whether this is a trajectory that is very
likely or not. If, however, a large number of trajectories is produced, we can
use arguments from statistics to estimate probabilities, expectations and
variances.

Inverse Transform Method. Steps 3 and 4 of the algorithm require the
generation of pseudo random numbers that follow a certain distribution. In
most software packages, however, one can only produce numbers that are
uniformly distributed on the interval (0, 1). The inverse transform method
allows us to transform a uniformly distributed pseudo random number u =
U(ω) into a pseudo random number τ = X(ω) that has cumulative distri-
bution function F̃ .

Assume that U is a random variable that is uniformly distributed on (0, 1).
We define

X := inf
z∈R

{F̃ (z) ≥ U}.
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Recall Def. 5 on page 16 and Def. 12 on page 24. Note that if the inverse func-
tion F̃−1 of F̃ exists then F̃−1(y) = infz∈R{F̃ (z) ≥ y}. But even if the in-
verse function does not exists, we use the notation F̃−1(y) for infz∈R{F̃ (z) ≥
y}, since this function has similar properties, e.g. F̃ (F̃−1(y)) = y. An ex-
ample for the case that no inverse function of F̃ exists is the cumulative
distribution function of a random variable that represents the pips of a die.
For the cumulative distribution function of X, we compute

P (X ≤ z) = P (F̃−1(U) ≤ z)

= P ({ω | F̃−1(U(ω)) ≤ z})
= P ({ω | F̃ (F̃−1(U(ω))) ≤ F̃ (z)})
= P ({ω | Ũ(ω) ≤ F̃ (z)})
= P (Ũ ≤ F̃ (z))

= F̃ (z)

where we used that F̃ is monotone (third line) and that the cumulative
distribution function of U is such that P (U ≤ y) = y (last line).

For the exponential distribution (with parameter −λ), this yields

y := F̃ (z) = 1 − e−λz

⇐⇒ 1 − y = e−λz

⇐⇒ ln(1 − y) = −λz

⇐⇒ z = − 1
λ ln(1 − y) = F̃−1(y).

Thus, if U is uniformly distributed on (0, 1), the random variable X =
F̃−1(U) = − 1

λ ln(1 − U) is exponentially distributed with parameter −λ.
Moreover, since 1 − U has the same distribution as U , we can set X =
− 1

λ ln(U). This means step 3 of the algorithm for the trajectory generation
consists of the following two tasks:

a) Draw a pseudo random number u with uniform distribution on (0, 1).

b) Set τ := − ln(u)
α0(x) .

Let F̃ be the cumulative distribution function of a discrete random variable
X with P (X = 1) = p1, P (X = 2) = p2, . . . , P (X = M) = pM (see Fig. 2.2
for an illustration). Then

F̃ (x) =





min(⌊x⌋,M)∑
k=1

pk if x ≥ 1,

0 if x < 1.
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For u ∈ (0, 1), the inverse is given by

F̃−1(u) = min{i ∈ {1, . . . ,M} |
i∑

k=1

pk ≥ u}.

F̃ (x)

x
0 1 2 3

p1

p1+p2

p1+p2+p3

1

Figure 2.2: Function F̃ for dis-
crete RV with M = 4, p4 =
1 − (p1 + p2 + p3).

This means step 4 of the algorithm for
the trajectory generation consists of the
following two tasks:

a) Draw a pseudo random number u
with uniform distribution on (0, 1).

b) Set j := min{i ∈ {1, . . . ,M} |
α1(x) + . . . + αi(x) ≥ u · α0(x)}.

The above considerations can be used to
write a simple computer program to gen-
erate trajectories of the Markov chain
X. The only requirement is the avail-
ability of a method that generates pseudo
random variables that are uniformly dis-
tributed on the interval (0, 1). In the se-
quel, we refer to a generated trajectory as (simulation) run and to the
generation of a number of runs as Gillespie simulation.

2.3 Output Analysis

Assume that we generate 100 runs of a Markov chain using the algorithm
presented in the previous section. For each run we can check whether a
certain event occurred or not. E.g. assume that in 67 of the 100 runs
we have that Xi(0.4) = 10. Then the relative frequency of the event “ten
molecules of type i at time 0.4” is 67

100 . Intuitively, we can deduce that
P (Xi(0.4) = 10) ≈ 67

100 . However, we do not know how good this estimation
is since the runs are based on pseudo random numbers. If we do another
100 runs, we could get a very different frequency for the same event. In this
section, we discuss how we can estimate probabilities of events and expected
values of random variables using Gillespie simulation. We will see how we
can determine the quality of an estimated value. For the latter we need
arguments from statistics.

2.3.1 Fundamental Results from Statistics

In the sequel we recall some important properties about sums of random
variables.
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Laws of Large Numbers. Consider n realizations x1 = X(ω1), x2 =
X(ω2), . . . , xn = X(ωn) of a random variable X with finite expectation µ.
They could, for instance, be generated by repeating an experiment n times
under equal conditions. Intuitively, for large n the sample mean

x̄ =
1

n

n∑

i=1

xi ≈ µ.

In order to determine the quality of the above approximation, we recall
Chebyshev’s Inequality .

µ − a µ µ + a

{ω ∈ Ω | |X(ω) − µ| < a}

Figure 2.3: Chebyshev’s Inequal-
ity.

Let Y be a random variable with fi-
nite expectation E(Y ) and finite variance
VAR(Y ). Assume that besides E(Y ) and
VAR(Y ), nothing is known about Y (e.g.
the cumulative probability distribution).
Our aim is to reason about the deviation
of Y from its expectation. According to
Chebyshev’s Inequality (see Fig. 2.3 for
an illustration), for any a > 0

P (|Y − E(Y )| ≥ a) ≤ VAR(Y )

a2
. (2.1)

In order to apply the inequality above,
we assume that x1, x2, . . . , xn are realiza-
tions of independent random variables X1,X2, . . . ,Xn, all having the same
distribution as X (see also Def. 8). Define

Zn =
1

n

n∑

i=1

Xi.

Then E(Zn) = 1
n

∑n
i=1 E(Xi) = µ and, if X has finite variance VAR(X) =

σ2,

VAR(Zn) = VAR

(
1

n

n∑

i=1

Xi

)
=

1

n2

n∑

i=1

VAR(Xi) =
n · σ2

n2
=

σ2

n
.

(See also page 21 for the properties of the variance operator.) Thus, Eq. (2.1)
gives us, for any ǫ > 0,

P (|Zn − µ| ≥ ǫ) ≤ σ2

n · ǫ2
.

If ǫ is given, we can make σ2

n·ǫ2 arbitrarily small by increasing n. Thus, for
any ǫ > 0,

lim
n→∞

P (|Zn − µ| ≥ ǫ) = 0 (or, equivalently, lim
n→∞

P (|Zn − µ| < ǫ) = 1),
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which is known as the weak law of large numbers3. Here, the sequence
{Zn}n≥1 of random variables converges “weakly” since only the correspond-
ing probabilities converge.
Example 28: Bernoulli Trials
Assume that we repeat an experiment whose outcome can be either “succes”
or “failure”. Such an experiment is called a Bernoulli trial. For n Bernoulli
trials and 1 ≤ j ≤ n, let Xj be the random variable that is 1 if the j-th trial
is success and 0 otherwise. Moreover, let P (Xj = 1) = p for all j. Then
E(X1) = E(X2) = . . . = E(Xn) = p. According to the weak law of large
numbers, for any ǫ > 0,

P



∣∣∣ 1
n

n∑

j=1

Xj − p
∣∣∣ < ǫ


→ 1

as n → ∞.

An even stronger result than the weak law of large numbers provides the
strong law of large numbers , which states that

P
(

lim
n→∞

|Zn − µ| = 0
)

= 1.

Here, we measure the probability of all outcomes ω ∈ Ω with limn→∞ |Zn(ω)−
µ| = 0 and find that this event occurs with probability one. The strong law
of large numbers implies the weak law of large numbers.

Standardized Random Variables. In the sequel, we consider standard-
ized random variables, that is, for a random variable X with finite E(X) = µ
and finite VAR(X) = σ2, we define

X∗ =
X − µ

σ
.

Then

E(X∗) = E

(
X − µ

σ

)
=

E(X) − µ

σ
= 0

and (see also page 21)

VAR(X∗) = VAR

(
X − µ

σ

)
=

VAR(X)

σ2
= 1.

In the special case of Zn as defined above, we get

Z∗
n =

Zn − E(Zn)√
VAR(Zn)

=
Zn − µ

σ/
√

n
.

3Note that, as opposed to the strong law of large numbers, for the weak law of large
numbers pairwise independence of X1, . . . , Xn is already sufficient and (full) independence
is not necessary.
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Figure 2.4: The distribution of Z∗
n approaches the standard normal distri-

bution as n increases.

Example 29: Bernoulli Trials
Consider again the Bernoulli experiments as defined in Ex. 28. Fig. 2.4
shows a plot of the cumulative probability distribution of Z∗

n (in yellow) for
different values of n and the standard normal distribution N (0, 1) (in red).
It can be seen that the distribution of Z∗

n approaches N (0, 1) as n increases.

Central Limit Theorem. Recall that Zn = 1
n

∑n
i=1 Xi, where the Xi

are independent and identically distributed random variables with finite
expectation µ and finite variance σ2 > 0. According to the central limit
theorem, the distribution of Z∗

n = Zn−µ
σ/

√
n

converges to the normal distribution

with expectation 0 and variance 1 (standard normal distribution).
The standard normal distribution has density

ϕ0,1(t) =
1√
2π

e−0.5t2 ,

where t ∈ R. Thus, for x, y ∈ R, x < y,

lim
n→∞

P (x < Z∗
n < y) =

1√
2π

∫ y

x
e−0.5t2dt.

Note that if a random variable X is normally distributed with expectation
µ̂ and variance σ̂2, written X ∼ N (µ̂, σ̂2), then, for a, b ∈ R, aX + b has
distribution N (aµ̂ + b, (aσ̂)2). Therefore, Zn is approximately normally
distributed with expectation µ and variance σ2/n, since Zn = σ/

√
n ·Z∗

n +µ
and Z∗

n ∼ N (0, 1).
In the sequel we will exploit the central limit theorem to determine how
close the sample mean Zn is to µ.

2.3.2 Interval Estimation

Let Y be a Markov chain that represents a chemical reaction network. As-
sume that we are interested in the probability of a certain event A, such as
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Yi(t) = x (“x molecules of type i at time t”). For ω ∈ Ω, define

χA(ω) =

{
1 if ω ∈ A,
0 if ω 6∈ A,

Then E(χA) = 1 · P (χA = 1) + 0 · P (χA = 0) = P (χA = 1) = P (A).
Thus, an estimate of E(χA) is also an estimate of P (A). In the sequel, we
concentrate on estimates of the expectation of some random variable. Of
course, the procedure described below can also be used for expectations of
the form E(Yi(t)), that is, the expected number of molecules of type i at
time t.
Let X be a random variable and let X1,X2, . . . ,Xn be independent random
variables, all having the same distribution as X. For instance, if we gener-
ate n trajectories of Y using Gillespie simulation, the random variable Xj

represents the value of χA in the j-th run (i.e., it is either 1 or 0) or the
number of molecules at time t in the j-th run.
Let µ = E(X) = E(X1) = . . . = E(Xn). We discuss the construction of
interval bounds Il, Ir such that “with high probability” µ ∈ [Il, Ir]. Since
these bounds depend on X1,X2, . . . ,Xn, Il and Ir are random variables.

Estimators for Expectation and Variance. The sample mean

Zn =
1

n

n∑

i=1

Xi

is called an estimator for µ. Above, we calculated that E(Zn) = µ, which
means that Zn is an unbiased estimator. Let VAR(X) = VAR(X1) = . . . =

VAR(Xn) = σ2 and recall that VAR(Zn) = σ2

n . According to the central
limit theorem,

Z∗
n =

Zn − µ

σ/
√

n

approximately follows a standard normal distribution. We are interested in
the deviation |Zn − µ| of the estimator Zn and µ, that is, in

P (|Z∗
n| ≤ z) = P

( |Zn − µ|
σ/

√
n

≤ z

)
= P

(
|Zn − µ| ≤ z · σ/

√
n
)
. (2.2)

Since we do not know σ (or σ2) we estimate σ2 with the sample variance

S2 =
1

n − 1

n∑

i=1

(Xi − Zn)2.

Note that S2 is an unbiased estimator for σ2 and that

S2 =

∑n
i=1 X2

i

n − 1
− (
∑n

i=1 Xi)
2

(n − 1)n
. (2.3)
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Confidence Level. In order to control the estimation error, we want the
constraint in Eq. 2.2 to hold with a high probability. We choose a confidence
level β and define z such that β = P (|Z∗

n| ≤ z). Usually, β ∈ {0.95, 0.99} and
an approximation for z can be found in the standard normal table. Since
the standard normal distribution is symmetric around the expectation 0,
P (|Z∗

n| ≤ z) ≈ P (−z ≤ Z∗
n ≤ z). Let Φ be the cumulative probability

distribution of the standard normal distribution. For a confidence level of
β = 0.95, for instance, we get Φ(1.96) ≈ P (Z∗

n ≤ 1.96) ≈ 0.975. Thus,

P (−1.96 ≤ Z∗
n ≤ 1.96) ≈ P (Z∗

n ≤ 1.96) − P (Z∗
n ≤ −1.96)

≈ Φ(1.96) − (1 − Φ(1.96))

≈ 0.975 − 0.025 = 0.95.

and z ≈ 1.96 (see also the illustration in Fig. 2.5).

Confidence Interval. Since

β = P (|Z∗
n| ≤ z) ≈ P (|Zn − µ| ≤ z

√
S2/n)

we get the confidence interval

[
Zn − z

√
S2/n,Zn + z

√
S2/n

]
= [Il, Ir].

We see now that the confidence interval depends on the number of generated
trajectories n. To make the confidence interval twice as small, we must
generate four times as many trajectories.

−3 −1 0 1 31.96−1.96
0

0.1

0.2

0.3

0.4

0.5
N(0,1)

95%

2.5% 2.5%

Figure 2.5: Probability density
function of N (0, 1).

Note that we cannot deduce that µ lies
in [Il, Ir] with probability β since

• Zn and S2 are random variables,

• Zn is normally distributed only as
n → ∞,

• we approximated σ2 by S2.

The correct interpretation is that, for
large n and a large number of realizations
of the random interval [Il, Ir], β is the
percentage of realizations [Il(ω), Ir(ω)]
that will contain µ.

Practical Issues. The simulation algorithm in Section 2.2.4 can be used
to compute realizations of the random variables Xi. Assume that we execute
the algorithm n times to generate n trajectories. We add variables sum and
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ŝum that we initialize with zero. In the i-th run, we increase sum and ŝum
by xi = Xi(ω) and x2

i = (Xi(ω))2, respectively. After the generation of n
trajectories, we compute zn = sum/n and

s2 =
ŝum

n − 1
− sum2

(n − 1)n
.

Note that in the latter case we exploit Eq. (2.3).
Then, for a fixed confidence, the interval

[
zn − z

√
s2/n, zn + z

√
s2/n

]

can be constructed.

Number of Simulation Runs. If the interval [Il, Ir] is large relative to
Zn the quality of the estimator is poor and more simulation runs have to
be carried out. This is likely the case if n is small or if we try to estimate
the probability of an event that is rare. Let us fix the relative width of the
interval to be 0.2 (which means that we have a relative error of at most 0.1)
and chose confidence level β = 0.95. Thus, z ≈ 1.96. Assume that we want
to estimate γ = P (A) and Xi is one if A occurs in the i-th run and zero
otherwise. Clearly,

E(X1) = E(X2) = . . . = E(Xn) = 1 · γ + 0 · (1 − γ) = γ.

We can determine the number of necessary runs by bounding the relative
width of the confidence interval as follows:

2 · z ·
√

S2/N

γ
≤ 0.2 =⇒ z2

0.01

S2

γ2
≤ N =⇒ 384 · S2

γ2
≤ N

Using the fact that
σ2 = VAR[χA] = γ(1 − γ)

and replacing S2 by σ2 yields N ≥ 384 · 1−γ
γ . For instance, the sufficient

number of runs to guarantee that probabilities, having at least the order of
magnitude of 10−5, are estimated with a relative error of at most 0.1 and a
confidence of 95% is N ≈ 38, 000, 000.

2.4 Summary

The generation of trajectories is a simple method to get insight into the
behavior of chemically reacting systems. Especially if the size of the model is
large and the event whose probability has to be calculated occurs frequently,
Gillespie simulation is preferred over numerical solution methods (e.g. ODE
solvers). There are, however, some issues that require further attention:
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• Gillespie simulation can be time consuming. Firstly, if the chemical
reactions occur at time scales that differ by several orders of magni-
tude. In this case, many fast reactions have to be carried out until a
slow reaction occurs. Secondly, if the event whose probability has to
be calculated is rare, a large number of simulation runs is necessary
to estimate its probability.

• In order to half the confidence interval, four times more simulation
runs have to be carried out. It is therefore expensive to obtain accurate
results.

• It is important that the pseudorandom numbers used during the sim-
ulation are close to ”truly random“. This is necessary to ensure inde-
pendence. We refer to [LK00] for a detailed discussion.
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Chapter 3

Numerical Solution Methods

3.1 Introduction

In this chapter we will consider a matrix-vector form of the CME in order to
derive alternative expressions for the solution of the CME, that is, the state
probabilities P (X(t) = x). We will see that, for finite systems, the solution
of the CME equals the product of a vector and a matrix exponential. The
calculation of the matrix exponential, however, is computationally expen-
sive but it motivates an alternative solution method, called uniformization.
For the solution of Markov chains, uniformization is often preferred over
numerical integration methods which are the basis of most ODE solvers.

The numerical solution of the CME (by using an ODE solver or applying
uniformization) gives us the probabilities of all states no matter how small
this value is. This makes standard numerical solution methods infeasible if
the state space of the models is extremely large (or even infinite). In this
case, we can generate a number of trajectories using Gillespie simulation
and estimate the probabilities of interest. Gillespie simulation provides sta-
tistical estimates, whereas a numerical solution usually provides an accurate
approximation of the “true probabilities”. In the generated trajectories, we
usually only see a small a part of the state space, namely those states that
have a “sufficiently high” probability. This idea can also be used for nu-
merical approximations of the solution. Similar to Gillespie simulation, we
only explore the “significant parts” of the state space and compute approxi-
mations of the state probabilities P (X(t) = x) at a particular time instance
t ≥ 0.
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3.2 Matrix-Vector Form and Matrix Exponential

The CME describes the change of the probability of a state x at time t as

d
dtP (X(t) = x) =

M∑
j=1,

x−vj≥0

αj(x − vj) · P (X(t) = x − vj)

−
M∑

j=1
αj(x) · P (X(t) = x)

=
M∑

j=1,
x−vj≥0

αj(x − vj) · P (X(t) = x − vj) − α0(x) · P (X(t) = x).

Let f : N
N
0 → N0 be a bijective function that enumerates all states, that is,

x = f−1(i) is the i-th state in the enumeration. We define the row vector

p(t) =
(
P (X(t) = f−1(1)), P (X(t) = f−1(2)), . . .

)

as a vector that contains all state probabilities at time t. Moreover, let
Q = (qij)i,j∈{1,2,...} be a matrix with entries

qij =





−α0(x) if i = j, f(x) = i,

αm(x) if f(x) = i, f(x + vm) = j,

0 otherwise.

Then we can express the CME in terms of Q and p(t) by

d

dt
p(t) = p(t) · Q. (3.1)

The matrix Q is called the infinitesimal generator matrix of X.

Each Markov chain has an associated state-transition graph, called intensity
graph. It is a directed graph whose node set corresponds to the state space
of the chain. It has an edge from state i to state j labeled by qij whenever
qij > 0. The Markov chain is uniquely determined by its intensity graph
(since the diagonal entry of Q is given by the negative sum of the edge labels
of a state, i.e., −α0(x) = −∑M

m=1 αm(x).).

The matrix-vector form of the CME in Eq. (3.1) describes the CME as
a special case of a system of linear differential equations. For systems of
linear differential equations of this form, however, the solution p(t) can be
expressed not only as the unique vector that satisfies Eq. (3.1) (and some
intial condition for t = 0), but also in an alternative way presented below.
Let us fix the initial distribution

p(0) =
(
P (X(0) = f−1(1)), P (X(0) = f−1(2)), . . .

)
.
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If Q is bounded in norm (e.g. supij |qij| < ∞) then the general solution
of a linear system of differential equations of the form in Eq. (3.1) can be
written as

p(t) = p(0) · eQt.

If Q is of finite size, the matrix exponential eQt can be computed as

eQt =

∞∑

i=0

(Qt)i

i!
.

Hence, if only finitely many states are reachable, that is, for each t ≥ 0 the
set {x ∈ N

n
0 | P (X(t) = x) > 0} is finite, we get

p(t) = p(0) · eQt = p(0) ·
∞∑

i=0

(Qt)i

i!
. (3.2)

Example 30: Enzyme kinetics

(3, 2, 0, 0)
1

(2, 1, 1, 0)
2

(1, 0, 2, 0)
3

(3, 1, 0, 1)
4

(2, 0, 1, 1)
5

(3, 0, 0, 2)
6

61

2

1

2
2

31
1

Figure 3.1: The intensity graph for the en-
zyme kinetics example.

Consider the CTMC (X(t))t≥0

for the enzyme kinetics reac-
tion network

E + S
1−⇀↽−
1

C
1−→ E + P

with initial state X(0) =
(3, 2, 0, 0). Figure 3.1 shows
the intensity graph of X
where the states are num-
bered from 1 to 6. The in-
finitesimal generator matrix
of X is

Q =




−6 6 0 0 0 0
1 −4 1 2 0 0
0 2 −4 0 2 0
0 0 0 −3 3 0
0 0 0 1 −2 1
0 0 0 0 0 0




.

.

3.3 Uniformization

For a given continuous-time Markov chain X, the uniformization of X is
based on the construction of
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• a discrete-time Markov chain Y that represents the sequence of states
visited by X and

• a Poisson process N that represents the jump times of X.

In this section, we discuss these two concepts and combine them. We will ab-
breviate continuous-time Markov chain by CTMC and discrete-time Markov
chain by DTMC in the following.

Poisson Processes. A CTMC (N (t))t≥0 is called a Poisson process with
intensity λ if N (t) : Ω → {0, 1, . . .} and for an infinitesimal time interval
[t, t + ∆),

P (N (t+∆) = k + 1 | N (t) = k) = λ · ∆
for all t ≥ 0 and k ∈ {0, 1, . . .}. In this case the CME is

d

dt
P (N (t) = k) = λ · P (N (t) = k − 1) − λ · P (N (t) = k)

for k ∈ {1, . . .} and for k = 0 we get

d

dt
P (N (t) = 0) = −λ · P (N (t) = 0).

Assume P (N (0) = 0) = 1. Then

P (N (t) = 0) = P (T1 > t) = e−λt

where T1 is the first jump time of N . By induction it can be shown that

P (N (t) = k) =
(λt)k

k!
e−λt.

Discrete-Time Markov Chains. Let S be a discrete set. A discrete-time
Markov chain is a family of random variables (Yn)n∈N0 , where n is a discrete
index, Yn : Ω → S and Y fulfills the Markov property

P (Yn+1 = y | Yn = xn, Yn−1 = xn−1, . . . , Y0 = x0) = P (Yn+1 = y | Yn = xn)

for all n, y, x0, . . . , xn.
We assume that the states in S are ordered by a function f : S → N and that
the transition probabilities pij = P (Yn+1 = f−1(j) | Yn = f−1(i)) do not
depend on n. Thus, we can arrange the transition probabilities in a matrix
P = (pij)i,j∈{1,2,...}. The matrix P is called the transition probability matrix
of DTMC Y .
Let p0 be the row vector that contains the initial distribution, i.e., the entries
P (Y0 = x) for all x. We now find that p1 = p0 · P since

P (Y1 = x) =
∑

y∈S

P (Y1 = x | Y0 = y) · P (Y0 = y).
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Successive application of this argument yields

pn = pn−1 · P = . . . = p0 · Pn,

that is, the probabilities after n steps are obtained by n multiplications with
P .
Note that P is a stochastic matrix, i.e., the row sums are one and it has
only non-negative entries. Moreover, we can represent finite DTMCs by a
graph in a similar way as CTMCs. In the discrete-time setting, self-loops are
possible, namely, a state may have a positive transition probability to itself
(pii > 0). In this case, we may have Yn(ω) = Yn+1(ω). As opposed to that,
for any CTMC X with jump times T0, T1, . . . we have X(Tn)(ω) 6= X(Tn+1)(ω)
for all ω and all n.
Example 31: DTMC

1

2 3

1/2

1/2

1/3

2/3

1

Figure 3.2: The intensity graph
for the DTMC example.

Figure 3.2 shows the intensity graph of a
DTMC Y . The matrix

P =




1/2 1/2 0
1/3 0 2/3
1 0 0


 .

contains the transition probabilities of Y .
Let p0 = (1/3, 1/3, 1/3) be an initial
distribution. Then, after two steps,

p2 = p0 · P 2 ≈ (0.5833, 0.3056, 0.1111),

that is, for instance, P (Y2 = 2) ≈ 0.3056.

X(t)(ω)

t
T0(ω)

Y0(ω) Y1(ω)

T1(ω) T2(ω)

Y2(ω)

T3(ω)

Y3(ω) Y4(ω)

T4(ω)

Figure 3.3: The jump times
T0, T1, . . . of N and the states vis-
ited by Y yield X.

Uniform Markov Chain. Let (Yn)n∈N0

be a DTMC with discrete state space S
and let (N (t))t≥0 be a Poisson process
with intensity λ > 0. Assume that N
is independent of Y . For t ≥ 0, we define
the uniform Markov chain (X(t))t≥0 as

X(t) = YN(t) .

It is easy to see that X is a CTMC. The
processes N is called the clock and Y is
called the subordinated DTMC.
We compute

P (X(t) = x) = P (YN(t) = x)

=
∑∞

n=0 P (Yn = x,N (t) = n)

=
∑∞

n=0 P (Yn = x) · P (N (t) = n)

=
∑∞

n=0 P (Yn = x) · e−λt (λt)n

n! .
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Let p0 and P be the initial distribution and transition probability matrix of
Y , respectively. In vector matrix form, we get

p(t) =

∞∑

n=0

p0 · Pn · e−λt (λt)n

n!
=

∞∑

n=0

pn · e−λt (λt)n

n!
,

where p(t) contains the state probabilities of X and pn the state probabilities
of Y .
This means that the transition probabilities of a uniform Markov chain are
given by the solution of the subordinated DTMC (vectors p0, p1, . . .) which
are weighted with the Poisson probabilities and summed up.

Construction of the Clock and Subordinated DTMC. Our aim is
now to construct for a given finite CTMC X a Poisson process N and
a DTMC Y such that X can be expressed as the corresponding uniform
Markov chain. Let Q be the infinitesimal generator matrix of X and assume
that supij |qij| < ∞.

We choose λ ≥ supij |qij| and define P = I + 1
λQ, where I is the identity

matrix. Then Q = λ(P − I) and thus,

p(t) = p(0) · eQt = p(0) · eλtP−λtI = p(0) · eλtP · e−λt.

Note that we exploited the fact that P · I = I · P as well as the properties
of the matrix exponential. By definition,

eλtP =

∞∑

n=0

(λtP )n

n!
=

∞∑

n=0

Pn (λt)n

n!

and therefore

p(t) = p(0) · eλtP · e−λt =
∞∑

n=0

p(0) · Pn · e−λt (λt)n

n!
. (3.3)

It is important to note that P = I + 1
λQ is a stochastic matrix, because for

all i, k ∈ N with i 6= k,
∑

j∈N

pij = 1 +
∑

j∈N

qij

λ
= 1 +

qii

λ
+

∑

j∈N,j 6=i

qij

λ
= 1.

and pik = qik/λ ≥ 0 and pii = 1 + qii/λ ≥ 0.
Here, we used the fact that the diagonal entry of a row in Q is the negative
sum of the off-diagonal entries. Hence, P defines a DTMC Y and the vector

pn = p(0) · Pn

contains the probabilities P (Yn = i) for all states i. Similarly, we can identify

e−λt (λt)n

n! as the probabilities of a Poisson process with intensity λ.
It remains the question why the infinite sum in Eq. (3.3) is more advanta-
geous than the infinite sum in Eq. (3.2).

58

http://en.wikipedia.org/wiki/Matrix_exponential#Properties


3.4. SUMMARY

• The sum in Eq. (3.2) contains negative and nonnegative summands
whereas in Eq. (3.3) all summands are nonnegative. Hence, in Eq. (3.3)
round-off errors will occur less often.

• The infinite sum in Eq. (3.3) can be truncated w.r.t. an a priori spec-
ified accuracy ǫ > 0. Consider a Poisson distributed random variable

Z, that is, P (Z = k) = e−µ µk

k! . Assume that L,R ∈ N0 are chosen
such that, for µ = λt, P (Z < L) = ǫ/2 and P (Z > R) = ǫ/2. If we
use L and R as truncation points, the approximation error for a state
x becomes

∞∑
n=0

P (Yn = x) · e−λt (λt)n

n! −
R∑

n=L
P (Yn = x) · e−λt (λt)n

n!

=
∑

n<L,n>R
P (Yn = x) · e−λt (λt)n

n!

≤ ∑
n<L,n>R

e−λt (λt)n

n! = ǫ.

• If the initial probability distribution is such that X starts in a cer-
tain state with probability one then the number of nonzero entries in
p1, p2, . . . increase after each multiplication with P by a factor of at
most M (number of reactions). In order to keep the number of nonzero
entries in pn small, we can set all entries to zero that are below a cer-
tain threshold δ > 0. This introduces an additional approximation
error, which turns out to be acceptably small in practice.

• The requirement λ ≥ supij |qij | can be relaxed since all states x with
P (Yn = x) = 0 for n ∈ {0, 1, . . . R} are not considered. Thus, it is
sufficient to choose λ such that λ ≥ |qii| for states i within a “distance”
of length R from the initial state1.

3.4 Summary

In Markov models of realistic size, the number of states with significant
probability can be large. Then Gillespie simulation as well as numerical
approximation techniques are infeasible. This is especially the case if the
system contains both species with small and species with large populations.
The small populations are the reason why a stochastic model is necessary.
On the other hand, the large populations in isolation can be easily anal-
ysed using reaction rate equations (provided that they are only marginally
influenced by the small populations). If the evolution of small and large
populations, however, depend on each other, a hybrid model is necessary to
reduce the model complexity.

1The term ”distance“ refers to the number of steps needed to reach state i with positive
probability from the initial state.
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3.4. SUMMARY

Further challenges related to stochastic models of biochemical reaction net-
works include

• sensitivity analysis methods to study the influence of model parame-
ters such as reaction rate constants on the probability distributions,

• parameter estimation methods to estimate model parameters (such
as reaction rate constants) if probability distributions at certain time
instances are given.
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